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ABSTRACT

This article examines the new inverse unit exponential distribution, utilizing both classical and Bayesian methodologies; it begins by present-
ing the general properties of the proposed model, highlighting characteristic features, such as the presence of a reverse-J or increasing and
inverted bathtub-shaped hazard rate function. Furthermore, it explores various statistical properties of the suggested distribution. It employs
12 methods to estimate the associated parameters. A Monte Carlo simulation is conducted to evaluate the accuracy of the estimation pro-
cedure. Even for small samples, the results indicate that biases and mean square errors decrease as the sample size increases, demonstrating
the robustness of the estimation method. The application of the suggested distribution to real datasets is then discussed. Empirical evidence,
using model selection criteria and goodness-of-fit test statistics, supports the assertion that the suggested model outperforms several existing
models considered in the study. This article extends its analysis to the Bayesian framework. Using the Hamiltonian Monte Carlo with the no
U-turn sampling algorithm, 8000 real samples are generated. The convergence assessment reveals that the chains are convergent and the sam-
ples are independent. Subsequently, using the posterior samples, the parameters of the proposed model are estimated, and credible intervals
and highest posterior density intervals are computed to quantify uncertainty. The applicability of the suggested model to real data under both
classical and Bayesian methodologies provides insights into its statistical properties and performance compared to existing models.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0210828

. INTRODUCTION

Many statistical distributions have recently been proposed in
the literature as alternatives to current distributions. Generating
distributions aims to provide the literature with a more flexible
distribution than its competitors in modeling real-world data and
statistical properties. In this regard, many authors aim to suggest

a new distribution to provide novelty in the literature. This study
introduces a new distribution called inverse unit exponential distri-
bution and its distributional properties. Some of the several papers
related to this study are listed below.

Barco et al.' considered a new inverse power Lindley distri-
bution as an alternative to Lindley distribution. Then, Jan et al’
generalized the inverse power Lindley distribution generated by
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Barco et al' and suggested the exponentiated inverse power
Lindley distribution as an alternative to Lindley, power Lindley, and
the modified ones. Hassan and Amal® proposed the inverse power
Lomax distribution. The main properties of the suggested distribu-
tion are implemented, and the superiority of the suggested distri-
bution is illustrated via real-life data examples in Ref. 3. Sobhi and
Mashail” introduced the inverse power logistic-exponential distri-
bution. The authors showed that in real-world data applications, the
proposed distribution is handy in the modeling of real-life data and
is a good alternative to competitors. Chesneau and Agiwal’® intro-
duced the inverse power Muth distribution. In addition, the classical
Bayesian methods are implemented to estimate the parameters of
the proposed distribution. Akzzaz and Abd El-Monsef® described
a new distribution, called the inverse power Maxwell distribution.
They provided several distributional properties and real-world data
examples. Yildirim et al.” introduced the power unit Burr-X1I dis-
tribution. They investigated six different point estimation methods
and examined the proposed distribution’s distributional proper-
ties. Alsadat et al.® suggested the inverse unit Teissier distribution.
They focused on ten different estimators to estimate the unknown
parameters of the introduced distribution. Alsahangiti et al.” pro-
posed the inverse power generalized Maxwell distribution, whereas
Sapkota and Kumar'’ studied inverse transformation of the power
Cauchy distribution. In this study, we also have used the inverse
transformation technique to develop a new generalized model. We
analyzed this model using both classical and Bayesian approaches.

In the past, conducting Bayesian analysis on models with
numerous parameters posed significant challenges due to the
intricate nature of the posterior distribution. However, with the
rapid advancement of programming languages and computational
tools, such as JAGS, OpenBUGS, and Stan for Bayesian anal-
ysis, researchers have been increasingly drawn toward Bayesian
inference.

This paper explores the utilization of Bayesian methodology to
fit the inverse unit exponential model for lifetime data using Stan.
The Bayesian approach is facilitated through the pystan package in
Python and the rstan package in R (see Ref. 11), providing an ideal
environment for Bayesian modeling. Stan, a programming language
tailored for statistical modeling, particularly stands out in Bayesian
estimation tasks, offering quicker and more efficient computations
compared to alternatives such as JAGS/BUGS (Carpenter et al,
2017)."” Moreover, simulation is a viable technique, especially when
direct sampling from the posterior distribution p(&|y) is impracti-
cal. Simulation, particularly based on Markov chain Monte Carlo
(MCMC) methods, proves invaluable for obtaining reliable results
across a range of complex problems."”

Gibbs sampling, the Hamiltonian Monte Carlo (HMC) algo-
rithm, and the Metropolis—Hastings algorithm are prominent
MCMC techniques that make computationally challenging tasks
tractable. Previous studies, such as those by Abujarad and Khan
(2018)'* and Sapkota (2022)," have utilized similar techniques to
analyze survival models. Moreover, Sapkota et al. (2023)'¢ have used
Bayesian inferences to examine the arctan exponential model.

This paper aims to accomplish the following objectives through
Bayesian analysis:

e To show that defining a Bayesian model entails specifying
the likelihood and prior distribution.

pubs.aip.org/aip/adv

e To implement an R code for approximating posterior
densities using Stan.

e To present numeric and graphical summaries of the poste-
rior densities for comprehensive interpretation.

This paper is organized as follows: in Sec. II, we formu-
late the new distribution. Section III examines some properties
of the new model, such as quantile function and linear represen-
tation. In Sec. IV, we investigate 12 different methods to esti-
mate the parameters of our model, namely, maximum likelihood,
Anderson-Darling, Cramér-von Mises, maximum product spac-
ings, least squares, right tail Anderson-Darling, weighted least
squares, left tail Anderson-Darling, minimum spacing absolute dis-
tance, minimum spacing absolute log distance, Anderson-Darling
method 2LT left-tail second order, and Kolmogorov methods. We
considered an extensive Monte Carlo simulation study to evaluate
the performances of the emphasized estimators in terms of mean
squared error criterion in Sec. V. Then, we present two real-world
data examples (flood charges and vehicle pass datasets) to illustrate
the usefulness of our model in modeling real-life data. Section V1II
provides a Bayesian analysis of our model. Finally, the conclusions
are given in Sec. VIII.

Il. MODEL FORMULATION

Bakouch et al.'” introduced a unit distribution called unit
exponential probability distribution (UEPrD) and defined their
cumulative distribution function (CDF) and probability distribution
function (PDF), respectively, as follows:

B(x)=1- eT(lf(%)M), 0<x<1l, 7, u>0, (1)

1\
2ru( 22y ()
(1 x) o . (2)

b(x) =
(x) —
By applying the inverse transformation on the CDF (1), we have
a new distribution called inverse UEPrD (IUEPrD). The CDF and
PDF of the new model are given by

_ (&1)"
G(x)=e" 1) x>1, 1, u>0, (3)

o sy e )
o) - 2TGE)e . (4)

x" -1

A. Survival function

The survival function of the IUEPrD can be expressed as

x+1

S(x)=1- eT_T(H) ,x>1, 1, u>0. (5)

B. Hazard rate function

The hazard rate function (HRF) of the IUEPrD is the ratio of
PDF to survival function, and it can be presented as
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FIG. 1. Various shapes of PDF and HRF of IUEPID.
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A graphical representation of the PDF and HRF of the sug-
gested model is presented in Fig. 1 using different values for
parameters y and 7.

h(x) =

(6)

I1l. STATISTICAL PROPERTIES
A. Quantile function

The quantile function of IUEPrD, denoted by QF, is a fun-
damental concept in statistics and probability theory. It plays a
crucial role in describing the distribution of a random variable and
is particularly useful in analyzing and summarizing data. QF can be
expressed as

(r—log(p) )W +1

T

QF = (1—105 () )1/# -1

,0<p<lL (7)

B. Linear representation

A linear representation of the CDF of our proposed model in
Eq. (3) is derived to simplify our calculations as follows:

G(x) = 67_7(%)[‘.

After applying exponential expansion to the previous equation, we
have

(- 1)
h! ’

e'ri (_l)hrh(i +

h=0

G(x) =

Again, applying the binomial expansion and doing some simplifica-
tions, we have

co oo oo _ h h ;
G(x) _ eTZ Z Z ( l )(k+h# 1)( lh)' x K (8)
h=0 k=0 :

i=0 puh—1

Then, a linear representation of the PDF of our model is

s =SS5

h=0 k=0 i=0
y (—1)h+1Th(i+k)x_i_k_1
h!

_imk—
PinkX - 1> (9)
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MS

h=0 k

where pjp; = gT("ih)(k*'hM 1)(1)'“;&

Il
=}

0 i
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C. Moments

Moments are important statistical measures; here, we express
the rth raw moment taken from the origin as

H=3 2 Pihk/oox_(i+k+1_r)dx
h=0 k=0 i=0 1
oo oo oo 1
_gggpihkwk—r (10)

where i+ k + r. Using Eq. (10), we can compute the first four raw
moments i} (mean), uy, s, and piy as follows:

oo oo oo 1
H;=Z ZZchk ko1

h=0 k=0 i=0
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D. Central moments

The nth central moment of the IUEPrD can be obtained by
using the mathematical relation

;m—z<1y()WJmJ

J

i( 1)1( )(#1)chkl+k1n+]

j=0

MS

)

h=0 k=0 i

Il
o

E. Moment generating function (MGF)

The MGF can also be used to obtain various orders of the
moments, and it can be expressed as

F. Mean deviation (MD) from mean

The MD about mean is a statistical measure used to measure
the variability in the dataset. We use the following mathematical
expression to compute it for the [UEPrD:

MD() = [ lx—plf ()dx
“ (W) -2+ Y Y

h=0 k=0 i

) l—i—k

lhk
2 K

o~

where F(+) is the CDF defined in (3) and g is the mean of [UEPrD.

G. Mean residual life function

The mean residual life function can be given as

1 oo
MRL(x) = @/’; xf (x)dx — x
1 o0 oo oo xlfsz
IO et

where S(x) is the survival function defined in (5).
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IV. ESTIMATION METHODS

To estimate the parameters of the proposed model, we have
used several common estimation methods, which are presented in
the following.

A. Method of maximum likelihood (EM)

This method is used to estimate the parameters of the IUEPrD
by optimizing the log-likelihood function, which can be expressed as

wm=ﬁam.

Then, the log-likelihood function is

L(p, 7| x1,%2, . .

7| x1,%2, .., %0) =In L(p, T | X1, %25« - 5 Xn) = Z In g(x;).
i1

Thus, the log-likelihood function for the given distribution is

(U, T | X1,%2, .« 5 Xn) = Z[ln(2y1)+‘uln( +1)

+T—T(Xi+1) —ln(x,?—l)].

xi—l

B. Method of Anderson-Darling (EM;)

Suppose that we have an ordered random sample of size n given
by X1, ..., Xn, where each X; is distributed according to the IUEPrD
with parameters y and 7. To estimate the IUEPrD coefficients using
the Anderson-Darling estimation approach, we have to minimize
the following equation:

A(x;)) =-n- %é (2i - 1)[log F(xin) +log S(xn-i-1:n)],

where F(-) and S(-) are the CDF and survival functions of the
IUEPTD.

C. Method of Cramér-von Mises (EM3)

To estimate the IUEPrD parameters using the Cramér-von
Mises estimation approach, we have to minimize the following

equation:
2i-1 ]
|

D. Method of maximum product of spacings
(MPS) (EM,)

The maximum product of spacings (MPS) is a nonparametric
estimation technique commonly employed in statistics to estimate
the parameters of a probability model. The methodology of MPS
revolves around maximizing the product of the observed spac-
ings between ordered data points. It finds significant application in
estimating parameters for continuous probability distributions,

1 n
Clu) = oy + [F(x,,,)
i=1

n+l1

8(xi) = —Z log @i(x;),

where @;(xi) = F(Xin) — F(Xi-1.1)> F(X0:1) = 0, and F(xp+1:0) = L.

AIP Advances 14, 055108 (2024); doi: 10.1063/5.0210828
© Author(s) 2024

14, 055108-4


https://pubs.aip.org/aip/adv

AIP Advances ARTICLE pubs.aip.org/aip/adv

TABLE I. Numerical values of simulation measures (BIAS, MSE, and MRE) for 7 = 0.9 and u = 0.3.

n Est. Est. Par. EM1 EMZ EM3 EM4 EM5 EM5 EM7 EMg EM9 EMlo EMU EM12
BIAS 034827 035961 0.36337"% 0.34892 0.358977 0.36628""" 035072 0.35093™ 0.35954® 0.35616' 0.36749""¥  0.35491"
i 0.09723% 009849 0.10316""" 0.08509'" 0.095977 0.11234!"% 0.09169" 009247 0.09119% 0.08718%  0.09309' 0.10894!""

MSE +0.16418" 017271 0.17634"% 0.16958"! 0.174167 0.17559 0.16657% 0.16865™ 0.17772"Y 0.17616®"  0.1823"%  0.16786"

25 i 001503® 0.01516® 0.01631"% 0011627 0.014497 0.01904""% 0.01322 0.01417® 0.01321% 0.01238% 0.01395")  0.0181Y
MRE +0.38697'" 0.39957%  0.40374® 0.38769" 0.39885% 0.40698""% 0.38969"% 0.38992 0.399487 0.39573% 0.408331'"% 0.4083311}
i 0324097 0.3283% 034385 0.28362'" 031991 0.37446""" 030565 030823 0.30398% 0.2006” 0.74314"% 039434V

S Ranks 265 49 58110} 12t 407 63112 201 285! 351! 265 58,511 52,50
0.26055" 0.27883%  0.287537 0.27829 0.29502" 0.321431% 0.2859° 0.27506'7 0.28239" 0.299951” 029534 0302611V

T
BIAS i 0056897 00598 0.07161"% 00517 0.06982" 0.08415"% 0.06376®™ 0.05704" 0.0603" 0.05702" 0.060527" 0.07693"
MSE + 0.10244" 011788 0.12033" 0.123827 0.12894® 0.145511% 0.12116" 0.11427% 0.1215' 0.13769"" 0.13237°  0.13296!""
90 i 000531 000571 0.00857""% 0.00407'" 0.00789" 0.01161"% 0.00645® 0.00504% 0.0058 0.00507" 0.006037"  0.00943"
MRE 02895 0300821 0319487 0.30921% 0.3278® 0357141 0.31766' 0.30562 0.31376") 0.33328"" 032816 0.32816"
i 0189627 019934 023871 017235 023274 0.2805"% 0.212527 019012 0.20102® 0.19008" 0.8677211% 033623

S Ranks 1t 26 47 1612 501 70112 401 1612 345 417 53,510 63.511
0.21103" 0.24864% 0.26087" 0.2487% 0263719 0.282811% 0.2411% 023677 0260497 0.25802' 0.26084" 0.27256Y

T
BIAS i 004295 0049967 0.05823""% 0.04437% 0.05642"* 0.06939""% 0.05063® 0.04865" 0.04946" 0.04734"  0.04969'  0.0657""
MSE +0.07293" 0.09949" 0.10441' 0.09892 0.11128"% 0.11848"% 0.09185"! 0.08759" 0.10805"* 0.11082" 0.106657 0.112331"
150 i 0002977 0.003897 0.00544""% 0.00293 0.00507"* 0.00757""% 0.00413® 0.00366" 0.00386" 0.00345 0.00388'  0.0068"
MRE 023448 027627 028986 0.27633 0203 03142312 026789 0.263% 0289437 028669 0.28982%F 0.289821%
i 0.14317% 016652 0.19409® 0.1479%  0.18807' 0.23131'"% 0.168777 0.16217" 0.16488" 0.15779"" 0.8917""%  0.302841!

> Ranks 7 3310 541 198 57110! 70112 320 182 377 30! 4758 63.511
0.19151" 022403 0.23077' 0.2283"  0.24678" 0.25087"" 0.21238"! 020718 0234377 0.24416"® 0.250421% 0252442

T
BIAS i 003811 004421 0.05062 0.04031% 0.05238"% 0.05967""% 0.04497 0.04144® 0.04448'9 0.04446"  0.04719®  0.05679!"
MSE + 005876 0.08232" 0.08514° 0.08721 0.09699® 0.09677" 0.07112% 0.07126® 0.089317 0.09715"" 0.1009"%  0.09795!""
200 i 000231" 0.0031%  0.00404” 000241 0.00429"” 0.00564!"% 0.003177 0.00272® 0.00314 0.00295"  0.00336"*"  0.0051!
MRE 021279 0.24892M 0.25641% 0.25367% 0.2742" 0.278741% 0.23598° 0.2302% 0.260417 0.27129" 0.27825"%%) 0.27825104)
i 0127031 014737 0.16874" 0.13437% 0.17461" 0.19891""% 0.149687 0.13813" 0.14826'" 0.1482" 0.91406"% 0.280491'!

S Ranks 6! 251 43® 228 56 6511 29 16 391 407 60.51% 66.51%
0.16499" 020324 0.205937 0.19649 0.22145""  0.2431%  0.19348" 0.18376 0.21914"” 020409 021321  0.21484"

T
BIAS i 0033621 003963 0.04445° 0.03458" 0.04714"" 0.05269!"% 0.03913% 0.03595° 0.04076® 0.03626"  0.03969"  0.04686"""
MSE 004348 0.06907 0.06957" 0.06748" 0.07844""" 0.09379"% 0.06047*! 0.05516* 0.08001"" 0.072817"  0.07422®  0.07444")
275 i 0.0018" 000239 0.00317 0.00186” 0.0034""  0.0042"% 0.0023" 0.00199® 0.00257® 0.00206" 0.002467"  0.00339!%
MRE 0183321 022583 0.228817 0.21832" 0.24606"""  0.27"%  0.21498% 0.20417 0.243491% 0.22677'  0.2369"%F  0.2369
i oa1205M 013211 014817 0.11527% 0.15714 0.17562""% 0.13045® 0.11982" 0.13587'7" 0.12088" 0.92024""% 0.2387111Y

S Ranks 6l 331 467 18% 631! 7012 24 15 54} 315 50.5'! 57,510
0.1482"  0.17579%  0.189757 0.16159% 0.20541"" 0.222381% 0.17454" 016794 0.19403" 0.18278'" 020444 020516

T
BIAS i 002003 0.03419% 004054 0.02979" 0.04194"% 0.04846!"% 0.03506'" 003183 0.036377" 0.03344"  0.03712"®  0.04466""
MSE 003619 0.05224" 0.05755 0.04466™ 0.07113""" 0.08208"% 0.05058" 0.04832° 0.06322" 0.05766"" 0.06901®" 0.06919"""
350 i 0.00135" 000183 0.00255 0.0014% 0.00278"% 0.00377"'% 0.00197 0.0016® 0.002027 0.00172" 0.00212® 0.00313""
MRE + 016466 0.195321 0210847 0.17954% 022824 0.24709"% 0.193944) 018661 0.21559® 020309 0.22716% 0.22716"
i 009676 011398 013515 0.0993%  0.1398"" 0.16152""% 0.11686' 0.10611° 0.121257" 0.11147" 0.924111% 022796

S Ranks 6l 3013 46 12 62119 7012 3015 18% 457 31 55,50 62,511
0.12887 0.14773%  0.171287 0.14453% 0.1747®  0.199931% 0.15438"! 0.14515 0.17913" 0.16669' 0.18805"% 0.189211Y

+
BIAS
i 0.02577" 002955 003541 0.02637% 0.035941% 0.041821"% 0.03108® 002811 0.03304” 0.03034"  0.0339®  0.04071""
MSE + 002661 0.03704%  0.049857 0.03633" 0.05092® 0.06801""% 0.03899" 0.03516% 0.0551 0.04707'® 0.06027""" 0.06038""
450 i 0.00104" 0.00137% 0.00195°% 0.00109 0.00195 0.00279""? 0.00148” 0.00126® 0.00177" 0.00143" 0.00176" 0.00252""
014319 0.16415" 0.190317 0.16059% 0.19411%® 0.22214"% 0.17153% 0.16128" 0.19904® 0.18521'% 0.20895!'%% 0.20895!103
MRE N {1} ) 8} 2} o {10} {6} 3} 7 5) (12} {1y
i 0085881 0.09851 0.11802% 0.08789" 0.119820 0.1394"% 0.1036'" 0.09369 0.110137 0.10114® 0.92226"¥ 021023

S Ranks 6l 24 4757 13 52,51 7012 3363 17 48 3363 58,5110} 65.511
0.11416" 0.1355%  0.15177 0.12951% 0.15333" 0.176411"% 0.14219" 0.12342% 0.15224"® 0.14742' 0.16492""  0.15899"%

T

BIAS i 0.02255" 002695 0.031311% 0.02384% 0.03122 0.037221"% 0.02784' 0.02486"% 0.028757 0.02695"% 0.02968"  0.03341""

MSE 00202 0.0301"  0.038637 0.02917% 0.04025® 0.05334% 0.03335") 0.0258% 0.03876" 0.03659' 0.04842""" 0.042111%

600 i 0.00079" 0.00113%  0.00152 0.00089" 0.00153" 0.00215"% 0.00119” 0.00098® 0.00137" 0.00111" 0.00139"®  0.00174""
MRE + 012685 0.15056"  0.168557 0.14391" 0.17037 0.19601""% 0.15799" 0.13714® 0.16916® 0.16379'® 0.18325!1*% 0.183251°%}

i 0.07518" 0.089821% 0.10438" 0.07947% 0.10407® 0.12408""% 0.0928' 0.08288" 0.095857 0.08982"% 0.91706"% 0.17665"Y

S Ranks 6l 264 49 1523 54} 7012 331 1523 457 318 60.51% 63.511
AIP Advances 14, 055108 (2024); doi: 10.1063/5.0210828 14, 055108-5

© Author(s) 2024


https://pubs.aip.org/aip/adv

AIP Advances ARTICLE pubs.aip.org/aip/adv

TABLE II. Numerical values of simulation measures (BIAS, MSE, and MRE) for 7 = 2.0 and 2 = 0.8.

n Est. Est. Par. EMl EM2 EM3 EM4 EMS EM5 EM7 EMg EMQ EM10 EM11 EM12
BIAS + 0757421 0765945 0.77572® 0773669 0.78082" 0.7811"% 0.77226" 0.76446'¥ 0.77089" 0.7756" 0.78668"" 0.79528"%
i 030046 028935 0.307121Y 026651 0.29659' 0.31651"Y 0.28801" 0.290927 0.27142% 0.27208® 0.28436  0.32386'
MSE + 0.76338" 079154 0.80193% 0.81849® 0.816817 0.81362' 0.80778" 0.78763 0.82394®' 0.83027""Y 0.83693" 0.83018"%
25 i 013715% 012735 0.14125"% 010762 0.13191% 0.147771 0.12562" 0.128327 0.11328"®) 0.11301? 0.12374"  0.151831"
MRE + 0.37871" 0.38297 0.38786' 0.38683@ 0.39041" 0.390551'% 0.38613% 0.38223% 0.38545"  0.38787 0.39334!'1% 0393340115
i 037558 036169 03839 0333131 0.370747 0.395641% 0.36001" 036365 0.33927%  0.3401®!  1.68814"% 0.39764!")

" Ranks 20850 oS 49% 23t 48 58111 2065 el 242 337 54,510 68.51%
0.6538% 0.67816" 0.70075"% 0.68122° 0.69833"' 0.719511Y 0.68095" 0.64834" 0673871 0.69466"" 0.692447" 0.7217611¥

T
BIAS i 0.22409% 0230387 0260321 0.19727V 0.25162 0.27985"Y 0237728 0.21393% 0.21209% 0.21120% 022572  0.28086
MSE + 0612271 065253 0.68539' 0.6962 0.68569"7 0.71149""" 0.66158" 0.61777% 0.67191% 070621 0.68757® 0.7116201%
90 i 00801 0.0826” 0.10511" 00597 0.09809" 0.1192"% 0.08907" 0.07308" 0.07229") 0.06908* 0.08092® 0.11809!"
MRE + 032697 0.33908" 035037 034061 0.34917"% 0.35976!"% 0.34047" 0.32417" 033693 034733 0.346227 0.346227
po 028011 028798 03254 024659 0.31453® 0.349811% 0.297157 0.26742" 0.26512 026411 1.824271%  0.36088""

> Ranks 20129 318 56101 24 521 6712 377 161 20129 3310 465 65.511
0.56047'" 0.6211"" 0.64318®  0.617%  0.64821% 0.68614"% 0.62086" 0.6081% 0634647 0647® 062252 0.676951

T
BIAS p 018034 0.19748" 0.23143"Y 0.16713'" 0.22073" 0.256941% 0.19936" 0.18805" 0.1884! 0.17955 0.18453'"  0.24635!")
MSE 0474 0575518 059531 0599717 061956 0.66077'"% 0.57634" 0.55348% 0.61686" 0.63726""" 0.5871%  0.657951!
150 po 0.05251% 0.061287 0.08483"” 0.04239" 0.0773®  0.102531% 0.06348® 0.05554" 0.05601' 0.04964 0.05388"  0.09294!"
MRE + 028023" 031055 0.32159® 030857 0.3241"" 0343072 031043 0.30405% 031732 032351 031126 0.31126'
fo 022543 0.24685' 028929 0.20891" 0.27592"% 0.32118"% 02492 023506 0.2355" 0.22443% 1.90985'"% 0.33847'"

" Ranks 121t 33t 521 16 5610 7012 350531 208 40 35153 37.57 61.511
0.50977'" 0.57875"! 0.61561” 0.58429" 0.62704"% 0.65821% 0.59242' 0.55568 0.58469"" 0.60122"" 0.593757" 0.642851Y

T
BIAS g 0153752 0175417 0.21239"Y 0.15244!" 0.20305 0.243071 0.18294® 0.16726"" 0.16828" 0.16306"")  0.1685'  0.22999!"V
MSE + 0.40702" 0.51773% 0.56089"™ 0.55497 0589771 0.61525"% 0.53826" 0.47763% 0.53813" 0.57221®) 055273 0.60083"")
200 g 003772 0048547 0.071921” 0.03495" 0.0641® 0.091851% 0.05226" 0.04382 0.04536' 0.04032"  0.04487"  0.08209"""
MRE + 0.25489" 0.28938" 0307811 0.29215" 031352 0320112 0.29621% 0.27784% 0.29235") 0.30061° 0.296887° 029688
fo 0192182 0.21927'% 026548 0.19055" 0.25382"% 0.303831% 0.228677" 020908 0.21034"%" 0.20382° 1.94347'"% 0321421

" Ranks ott! 294 56! 1823 57110} 7012 407 18123 30 3516 43,5 62.511
04571 0.52248" 057531 0.52032% 0.581121% 0.628141% 053557 0.49382 0.56514"® 0.556817" 0.55257') 0.6088711

<

BIAS
g 0135672 0155547 0.188221"% 0.13285'"  0.1868" 0.21876"7 0.16005® 0.14492% 0.15512! 0.14723"  0.14979")  0.209"""
MSE + 033348 0.44220% 050601 0.46013"! 0.51489" 0.58503"% 0.45635" 0.39429% 0.52034"% 0.504017 0.49128' 0.555311"
275 g 0020182 0038077 0.056""  0.02679" 0.0551® 0.0749717 0.0399®  0.033"  0.03769' 0.03275"  0.03489"  0.06726"""
MRE +0.22855% 0.26124" 028766 0.26016"! 029056 0.31407"% 0.26779" 0.24691% 0.28257)  0.2784® 027629 0276296
p 016958 0.19442'% 023527 0.16606!" 0.2335® 0.27345"% 0.20006" 0.18116" 0.1939" 0.18403" 1.98399!"% 0.30444!""

S Ranks ofl} 31 565 142 563 70112 37 16 448 338 40.57 61511
0.40923'" 0.48124"! 054405 0.48224" 0.545311% 0.58831% 0.49931% 0.45544® 0516057 0.52197®  0.51145' 0.569231Y

<

BIAS g 011904 0141417 0.17169"Y 0.12357% 0.16629® 01980112 0.14639® 0.12995") 0.14098' 0.135321  0.13795"  0.185211""

MSE 027532 03828 046377 039691 0477731 0.52862"% 0.40688" 0.34193% 0.441387 045026 043121 0.4962""

350 g 002284 003108 0.04607"” 0.02297% 0.04281% 0.061721% 0.03395® 0.02637 0.031177 0.02729"  0.02943"  0.0526""
MRE + 0.20461% 024062 0272031 0.24112% 0.27265" 0.29415"% 0.24966' 0.22772% 0.25803"! 0.26099 0.25572°% 0.25572/6%)

g 01488 017676 021461 0.15447'% 0.20786™ 0.247511% 0.182997 0.16244" 0.17623"F 0.16915" 2.02323"%  0.28461""

S Ranks 6! 28 575 18" 5703 70112 381 15 407 378 40.5' 61511
0.37296'" 0.44276" 0.49916" 0.42497" 0.50761"% 0.56058"% 0.44683" 0.41894% 0.48639"7" 0.47468'" 0.48791"  0.540871Y

<

BIAS
g 010606 0.129867 0.15526"” 0.10955% 0.15409® 0.181511% 0.12962” 0.11763%! 0.13096" 0.1234""  0.12811"  0.1731"!
MSE + 023081 032302 0.39978"® 0315217 041511 0.49628"% 03271 0.29676% 0.40027® 0.38407° 0.393727  0.463781"
450 g 001756 0.0267  0.03804"” 0.01838" 0.03708" 0.051871 0.02591 0.02152) 0.02629® 0.02297  0.02483"  0.04564!""
+ 018648 0.22138" 0.24958""% 0.21248" 0.25381""" 0.28029'"% 0.22341" 0.20947'% 0243197 023734 024395 02439518
MRE . ) 6} ) 2 8) 10} 5} ) 7 ) (12} ny
g 013258 0162329 0.19408® 0.13693% 0.19262 0.226891% 0.16203" 0.14704% 0.16377  0.15425"  2.03596!"¥  0.27044

S Ranks 6! 32653 56 1523 5710 70112 3253 1529 46'% 30t 4557 63.511
0.32446'" 0.39858" 0.45616""" 0.36032! 0.45433° 0.50566"% 0.40157" 0.37019% 0.44147"® 0.40999' 0.437777"  0.4975911Y

-«

BIAS g 009366 011352 0.13898"Y 0.09437% 0.1347®  0.16294"% 0.115647 0.10462") 0.11724® 0.10646" 0.11231°  0.15415"
MSE + 0176310 026829 0.3445® 0.23017% 0.35066""" 0.41181"% 027018 0.23416% 033367 0.29391 0.333197  0.404391"
600 po 001397 001993 0.03005"” 0.0138"  0.0284"® 0.042521% 0.020737 0.01726") 0.02117® 0.01751"  0.01948"  0.03635"""
MRE + 0162231 0.19929% 0.22808"" 0.18016% 0.227171Y 02528317 0.20078" 0.18509" 0.22073®! 0.20499° 0.218897 0.21889"!
po 011707 0.1419% 017372 0.11797% 0.16838"" 0.203671% 0.14455 0.13078" 0.146557 0.13308" 2.05815""% 0.24879''!
S Ranks 7 2014 5910 1% 550 70112 35 18% 48 30% 4357 62.511
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TABLE IIl. Numerical values of simulation measures (BIAS, MSE, and MRE) for 7 = 1.5 and u = 2.5.

n Est. Est. Par. EMl EM2 EM3 EM4 EM5 EM6 EM7 EMg EM9 EMm EMH EM12
BIAS + 057829 057684 058529 0.58044" 0587457 0.60508"% 0.60244"Y 0.59596" 0.57015" 0.597451% 0.58763® 0.58297'
i 088238 0.88429" 0.907611% 0.78948' 0.88401® 0.94578""V 0.8824"7 0.8617" 081147 0.82163% 0.86414" 0.97608"%
MSE 0450942 045235 0467467 047333 0.46708' 0.47774"% 0487051 0.4759" 0.4552% 0.481451"Y 0.46539"!  0.44699')
25 g 122547 120378 1259891 09867 1.181331 133149V 1.201837 1.13378" 1.02165® 1.03084) 1.16211"% 1.4203211¥
MRE + 038552 0.38456 039013 0.38696" 0.39163' 0.40338"% 0.40163"" 0.3973% 038011 039831 0.391757 0.391757%
i 035295 035371 036304 0315791 0353617 03783117 0.35296' 0.34468" 0.32456 032865 1.261421"% 0.38865"Y

> Ranks 288 321 47" 19% 4063 66112 54111 395! 121 4063 425 48.51%
0.46099" 0.48791% 0.53115M 0.49071% 052879 0.5208""  0.5082'" 0.44932 0.515847 051672 0.50309" 0.540031%

T
BIAS g 0572257 06277 076667 054315 0.73233% 0.7654!"%  0.67055" 0.58383" 0.6186" 0.59884"" 0.641077" 0.814621'%
MSE + 0.31015% 0.35596" 0.396181% 0.36902" 03938 0.384017 0.37116' 030274 039279 0.40211"" 036667 0.40664!"%
90 g 0528197 062324 094599 0.45172" 0.81669® 0.92306!"" 0.72054" 0.56409" 0.59688"! 0.56163° 0.659167 1.014221%
MRE + 0307332 0.32527% 0354117 032714 0352531 034720 0338870 0.29954'" 0.34389" 034448 033545 033545
i 022897 025108 030667 0.21726" 0.29293® 030616 0.268227 0.23353") 0.24744") 0239541 1.389911%  0.360021"

> Ranks 12t 274 6512 16" 5610 551 42 1312 381 3916 40.57 64.511
0.39035"" 0.44757% 046173 0.4536' 04672 0.48674"Y 045345 0.4166% 0.45097% 0.456957 0.46875""% 0.488331

T
BIAS g 0467257 053727 063791 0.46466" 0.6104®  0.69331"%  0.55284" 049777 0.51223" 04935 0540277 0.689731"
MSE + 024385 030825 0.31425" 033338 03255217 034348 0.30713% 0.26987% 031984 033154 0334911 03438112
150 i 0366357 045352 0.65417"% 0.323411 0.59591° 0.759931'%  0.4853") 039503 0.42049" 036356  0.46097" 0.73638""
MRE + 026023 029838 030782 03024 031147 032457 03023 0.27773% 030065 0304637 03125105 03125110
po 018697 021491 025516 0.18586" 0.24416® 0277321 0221147 0.19911% 0.20489") 0.1974)  1.44353112 0.325551Y

S Ranks 10t 28 5018 248 519 6817 36! 1812 291 30 56,510 6751
0.36439" 042291 0.44035" 0.41596" 0.44124"% 0.456341Y 0.41298% 0368437 0.424617 0.42098" 0.43249" 0.456611%

T
BIAS g 041297 0499087 0578721 0.41527% 0.53627® 0.633111"% 0.49921" 0.42866" 0.46262"" 0.43841" 0.47608" 0.6167211"
MSE + 021301 028513 0.29318"% 0.27913" 0.3065"” 0.30859"" 0.26693" 0.22062% 0.29368" 0.28673' 0.29254" 031664
200 g 027419% 039133% 053396 025891 0.45464" 0.64025"% 0.386617 0.29805 0.33889" 0.29211%) 0.35285' 0.588611"
MRE 024293 028194 029356 027731 0.20416"" 0.304231% 0.27532 0.24562' 0.28308"7 0.28066' 0288325 0288328
g 016519 019963 023149 0.16611% 0.21451® 025324 0.19968"7 0.17146" 0.18505" 0.17536'"  1.505"%  0.304411"

> Ranks 7 38165} 56 17 5710 68112 318 16 3865t 274 475 65.51
0.33319" 0.37008" 0.40546" 0.35985"! 0.417111% 0.439621% 0374828 034819 0.39943® 0.38689' 0.3992"" 0.41768""

<

BIAS g 037727% 04283 050174 0.36704" 0505021 0.58503!"% 0.43684"" 0.38833" 0.43296" 0.38364") 0.41181" 0.54046""
MSE 017781 022331 0.25573% 0219585 02772 0.295671 0.22118" 0.19522 0255587 0.25353'  0.25845®  0.26741"

275 po 0219367 027844 039312 0.20133" 0.40704"% 0.541331"% 03034 0.23428" 0.288377 0.22905° 025701 0.45305""
MRE 022213 024672" 0270317 02399 027807 0.293081% 0.24988" 023212 0.26629"' 0.25793 0266137 0266137

g 0150917 0.17132" 0.20069" 0.14681'" 0.20201 0.23401""% 0.17474" 0.15533" 0.17318' 0.15345" 1.5155112 0.27845"

S Ranks ot} 30% 53¢} 12 61110 7012 37 18% 447 274 455 61511
0.29368"" 0.34103% 0.383751% 0.33216% 0.38273®) 0.425351% 034541 03359 0.37274® 036475 0366727 0.3881Y

<

BIAS g 032415 0388237 047174 0.33528% 0.44496® 0.54104"% 0.3834' 035923 0.39161® 03693 036787 0.4925""
MSE 014732 0.19128" 0.23256" 0.18913% 0.23714"% 0.28615"% 0.20155® 0.1891 023381 0.22159" 0.22868" 0.238711""

350 i 016565" 0232577 034073 0.16831%  0.3048")  0.45665!"% 0.23009' 0.20493") 0.24015®  0.2092)  0.20728" 0.37306""
MRE 019578 0227351 0255841 022144 025516 0.283561% 0.23028" 0.22393") 0.24849"' 0.24316' 0244487 0244487

p 012966 015529 018869 0.13411% 0.17798® 021641 0.15336"" 0.14369" 0.15664"7 0.14772" 1.533741"% 0258671

S Ranks 6! 328 5810 132 550} 7012 328 17 498 328 4157 62.51
0.24843"" 0.29856" 0.33882"7 0.28813"! 0.348371% 0.3891% 029593 0.28741% 0.34125® 0.3259%  0.34226 0.367251

>

BIAS
g 02763" 0341247 0411531 0296317 0.4042® 04920217 0.33323") 031392 0.35901® 0.32799"  0.33984! 0.453381"
MSE + 0.10878'" 0.14685 0.18123' 0.14011% 0.205611% 0.23934""2 0.14569® 0.14323% 0.19739"® 0.183597 0.20445®! 0.21214""
450 po 0.12595M 0179457 0258181 0.13225% 0.24678" 03615312 0.17276") 0.15596"! 0.20034"® 0.16511% 0.17838'  0.31111
+ 016562 0.19904® 0.225887" 0.19209" 0.23225"" 02593312 0.19729"  0.1916% 02275 021726 0.22817% 0.22817°
MRE i 011052 01365 0.16461°" 0.11852% 0.16168" 0.19681"% 0.13329" 0.12557" 0.143617 0.1312%  1.541781% 024483111

S Ranks 6! 351 49 142 5710 7012 271 16 477 318 51.5% 64511
0.22585" 0266 0.311171% 0.236492 0.30629®! 0.353771% 026402 0.25153% 0.29645® 0.27651°" 0.29436"" 0.320811

-

BIAS g 0250527 0304497 036645 02422 0.35498" 0.43652!"% 0.29881' 0.27808") 0.31269"® 0.28673" 020718 0.38114"Y

MSE + 008378 012068 0.16215"% 0.09511% 0.15825" 0201382 0.11672" 0.11268% 0.15009® 0.13457®  0.14797  0.17331"V

600 po 0098637 0144387 021293 0.0918" 0.19235® 0.28265"% 0.13776'" 0.12406"! 0.15054" 0.12788" 0.13549"  0.22201
MRE + 0.15056'" 0.17733% 0.20745"" 0.15766' 0.20419"" 0.235851"% 0.17601" 0.16769F 0.19763"! 0.18434° 0.196247) 0.19624"7

i 0100217 0.12179' 0.14658" 0.09688' 0.14199"® 0.17461"% 0.11952"" 0.11123" 0.12508"" 0.11469" 1.55838"% 0.21387"V

S Ranks ollsh 351 601 ollsh 54} 7012 201 18" 48" 30%! 4357 62.511
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TABLE IV. Numerical values of simulation measures (BIAS, MSE, and MRE) for r = 0.75 and y = 1.5.

n Est. Est. Par. EMl EM2 EM3 EM4 EMS EM5 EM7 EMg EMQ EM10 EM11 EM12
BIAS + 02945% 029244® 030394 0.29089" 029929 0.3125211% 029555 0.29345 030754V 0305751 0.2965'  0.30563"
i 046901 0.443127 0.506811% 0.37913W 0.45012"® 0.514071Y 0.43586" 04356 0.42332% 042663 0.44157% 0.52579'2
MSE + 0.11644" 0.11817% 0.12443° 0.12047% 0.12228' 0.12976"Y 0.12055® 0.11837 0.129821% 0.12476"" 0.123397  0.12406'®
25 i 035205 0320727 0.40308"% 023388 0.32724" 0.41345" 031186 031415 029186 029375 031976  0.4309%
MRE 039266 0.38992% 0.40525 0.387851" 0.39906" 0.41671'% 039406 039127 0.41005"" 0.40767""" 0.3953316 0.3953315}
po 031267 029541 033787 0.25275'" 0.300087 0.342721% 0.29057% 02904 0.28221% 0.28442") 0.63929"%  0.4075"""

" Ranks 358! 265 5510 olt} 44® 67112 201 228 407 391 435 58,511
0.21114" 0.23366" 0240317 0.23382" 0.249711"% 0.25485"% 02371 0.21627% 024862 0.24061"® 0.23971' 0.2531711Y

T
BIAS i 026495 020027 03419 0245280 031841 0.376691% 0.29691® 026838 0.295547 0.26423% 0.28782 0.3532311Y
MSE + 006696 0.08545" 0.08475" 0.08584 0.09338"% 0.09316""" 0.08512" 0.07015% 0.08993" 0.087257" 0.08787®  0.0933311
90 po 011539 013843 0.1948711% 0.08913"" 0.15403" 0.231141% 0.1433® 0.11416" 0.139137 0.10603% 0.13632"  0.19937!"V
MRE + 0281521 0.31154% 0.32041® 031176 0.33205"" 033982 031614 0.28836% 0.3315"% 032081 0.31961©% 0.31961%
g 017663% 019351 022667 0.16352'" 0.21227® 02511317 0.197947 0.17892% 0.19703' 0.17616% 0.741831"%  0.33756")

> Ranks 131 284 47 172 59110} 6812 371 17123 48% 30" 42,57 61.511
0.18152'" 0.18334% 0213299 0.19694™ 020533 0.229521% 0.213847 0.18863" 0.22874" 0220821 022231 0.22241

T
BIAS g 0211382 021715 0.27356"” 0.20021" 0.26002 03131512 0.246417 021625 0.24246' 0.22769""  0.24793®  0.29698"
MSE + 005219 0.05435% 0.07053 0.0652  0.0665° 0.07833""" 0.07188"7 0.05621% 0.08205""% 0.07775"" 0.07692®"  0.07252®
150 g 0069432 00753 0.11934"Y 0.06146"" 0.10893® 0.15521% 0.09426” 0.07386") 0.08858' 0.07769"  0.0979"  0.13585!"
MRE 024203 0244452 028439 026259 027378 0.30602""% 0.285117 0.25151% 0.30499"" 0.29443® 0.29641° 0.29641%
i 014092 0.14477% 018237 0.13347" 0.17335" 0.208771% 0.164277 0.14416" 0.16164'" 0.15179"%" 0.73603!" 0.29654!"

" Ranks ott! 1885 47 152 4159 69112 427 1883 52 4159 555010 60.511
0.15667'" 0.17459"! 019837 0.18141" 02009 0.21253"% 0.18278" 0.16839% 0.20968"" 0.19456'  0.19547"  0.206411%

T
BIAS g 018219 020588 0.2461"7 0.18096!" 0.24151 0.275681% 0.213027 0.18693"! 0.22356""  0.1994"  0.20599'  0.25596!"
MSE + 0.039" 0.04915% 006277 0.05694" 0.06519® 0.07069"% 0.05291% 0.04575% 0.06898"" 0.06129  0.06415®  0.06699"%
200 g 0052122 006559 0.09656"” 0.049611" 0.09033® 0.120051% 0.07126” 0.05464" 0.07854" 0.05894  0.0666'  0.09853!
MRE + 0.20889" 023279 0.2645° 0.24188" 02678711 0.28337"% 0.24371% 0.22452% 02795711 0.25941% 0.260537° 0260537
po 012146 013725 016407 0.12064" 0.16101" 0.183791% 0.14201' 0.12462" 0.14904"" 0.13203" 0.77320'"% 0.275211"

" Ranks ott! 24 538 16" 541 7012 3410 1512 5610 30" 46.5" 60.511
0.13216"" 0.14988" 0.171187 0.14926"! 0.17711® 0.19025"% 0.15548" 0.14502% 0.1796"” 0.16627' 0.17707"®"  0.1866211Y

T
BIAS g 014713 017088 0.21018"” 0.15602 0.20417® 0.24166"% 0.17657 0.16601" 0.18937" 0.17296'! 0.185417"  0.23431V
MSE + 0.02938" 0.03755% 0.04621 0.03934" 0.05273 0.05925"% 0.04051%" 0.035% 0.05418"" 0.047117  0.05124"  0.05562"")
275 g 0.03447'" 0.04642" 0.067271” 0.03773% 0.06448" 0.091311% 0.04936 0.04391) 0.05505" 0.04668" 0.05324"7"  0.08294!""
MRE # 0.17621" 0.19984 0.228237 0.19901%" 0.23614"" 0.25367"% 0.20731% 0.19335% 0.2394711 0.22169" 0.23609% 023609
i 009809 0.11392% 014012 0.10401% 0.13611"% 0.161111% 0.11771 0.11067 0.12625"" 0.11531°" 0.77002!"% 0.24882""

S Ranks 6! 231 497 16 5413 70112 338 15 5415 341 50.5'! 63.511
0.11669'" 0.13595% 0.14615% 0.13175% 0.16724"" 0.17736"% 0.14176" 0.1333% 0.15771" 0.152647"  0.15376""  0.16088""

T
BIAS g 013237 015414 01798 0.13967% 0.1953% 02223202 0.16087 0.1521" 0.16704® 0.15778"! 0.16482"7" 0.19824!"
MSE 002195 0.03252" 0.03404 0.02874% 0.04639"" 0.05195"% 0.03317" 0.02926" 0.04241"% 0.040217"  0.04105®  0.04235""
350 g 002788 00385 005132 0.0299? 0.05738"% 0.07781% 0.03982 0.03647" 0.04422® 0.03869"! 0.04324""  0.06004"""
MRE # 0.15559% 0.18127% 0.19487' 0.17566' 022298 0.23648""% 0.18901® 0.17774*) 0.21028"% 0.203527" 0.20501% 020501
g 008824 010276 0.11987% 0.093111% 0.1302 0.148217% 0.10725' 0.1014""" 0.11136" 0.10519"" 0.76666"% 0.21451!"V

S Ranks 6! 24 447 121 6211 70112 338 18% 520} 36 50.5'! 60.51%
0.1075" 0.11633% 0.138397 0.11202" 0.14059”" 0.16006"? 0.12503® 0.11077% 0.13985"® 0.13513' 0.1411%%  0.1492711Y

T
BIAS g 012033 013517 0.16705 0.12035 0.16753"% 0.19687" 0.14464 0.12766') 0.14942® 0.13937")  0.14842"7"  0.18485!"
MSE 001846 002341 00312 0.02112% 0.033%% 0.04106"% 0.02501%"  0.02%  0.033%% 0.031817 0.033520% 0.03458""
450 po 0.02319% 002931 0.04331% 0.02273'" 0.04315® 0.060711 0.0318 0.02548") 0.034587 0.02988")  0.03495"  0.05076""
MRE + 0.14334" 015511 0.184527 0.14936" 0.18746""" 0213412 0.16671" 0.14769% 0.18646'™ 0.18017 0.18813!"%*} 01881310
g 008022 0.09011" 011137 0.08024" 0.11169" 0.13125"% 0.09643 0.0851"*" 0.099617 0.09292" 0.76274"% 0.19903!""

S Ranks 7 24 47® 142 54,5 70112 338 15 4657 341 57,510 65.511
0.09079'" 0.10745"! 0.116097" 0.09948"! 0.12225® 0.13471"% 0.1051% 0.0993% 0.12385 0.11086'" 0.13353Y 0.128661"

T

BIAS g 010156 012182 0.14234 0.10623 0.14444"% 01676 0.11781% 0.11218") 0.133167 0.11854"  0.13695"  0.15875!

MSE + 001296 0.01953 0.022117 0.01673% 002462 0.03097""" 0.01866'" 0.01668% 0.02478 0.0217  0.03171?  0.027431%

600 g 00162 002349 003156 0.01749 003282 0.043011% 0.02258" 0.02048"! 0.027527 0.02241"  0.02949"  0.03897"""
MRE 012106 0.14326" 0.15479"7" 0.13264™ 0.16299"® 0.179621'% 0.14013" 0.1324 0.16514®) 0.14781% 0.17804"1%% 0.17804!1%

i 00677 0.08121% 0.09489"® 0.07082% 0.0963® 0.11174"% 0.07854 0.07479" 0.088777" 0.07903 0767342 0.17155"Y

S Ranks 6! 331 477 1523 530 6911 251 1529 48 328 61.51% 63.511
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TABLE V. Numerical values of simulation measures (BIAS, MSE, and MRE) for r = 2.5 and y = 0.25.

n Est. Est. Par. EM1 EM2 EM3 EM4 EM5 EM5 EM7 EMg EMg EM10 EMU EM12
BIAS + 094904 0.95793% 0.96406'" 0963147 0.96293' 0.95532% 0.96886""Y 0.95508 0.95705" 0.96568" 0.96606!"" 0.9954811%
i 009649 0.0949® 0.09968"" 0.08639" 0.09314' 0.09775% 0.09344”" 0.09095"" 0.08805% 0.08926" 0.09235" 0.10166'%
MSE + 12013 1231% 123798 126425% 124862 1.22133% 126911 1.23751% 1275081 1.281"Y 1253317 1.3170712
25 i 001399 001343 0.01465"" 0.01125" 0.01286' 0.01417"% 0.012977 0.01251" 0.0117% 0.01195® 0.01283")  0.01485"
MRE + 037962 0.38317 038562 0385257 0.38517' 0.38213% 0.387541'7 0.38203% 0.38282 0.38627" 0.38643!"%% 0.3864311°%}
i 038596 037967 039873 0.345551 037255 0.39099® 037377 036381  0.3522% 035705 2.143531%  0.398191%

S Ranks 201 36 54111 258 358 377 52110 20t 241 3818 49,5 68.51%
0.82617'" 0.86588'% 0.88548" 0.84684" 0.88871'% 0.90574"" 0.866917 0.83671% 0.87234® 0.86474" 0.86577 0.92548117

<

BIAS i 007614 007936 0.08674"% 0.06672!" 0.08408" 0.09212% 0.078327" 0.07426"" 0.07216" 0.06992% 0.07432"}  0.09199!"
MSE 096384 1.04938" 108147 107111 1.09271® 1.11092"" 1.06612° 0.99825% 1.10021"" 1.09387 1.06321" 1.166821"%

90 i 000906 0.00975® 0.011521% 0.0069" 0.01076" 0.01278"% 0.00962” 0.00862" 0.00827% 0.00766® 0.00857" 0.01249"""
MRE 033047 0.346357 0.35419"" 033874 0.35548""" 0.36231%  0.34676" 0.33469 034894 03459 0.34631°F 0346311

i 030457 0317467 0.34697% 0.26687" 03363 036849 0.31326' 029702 0.28862% 0.2797%  2.296771% 037019

> Ranks 208 3917 550 151 55131 68112 40 192 36 231 3550 62.511
0.73392!" 079553 0.85498""" 0.79059" 0.82466" 0.85404"% 0.80865 0.77248® 0.8038" 0.8164® 0.812777 0.870331¥

<

BIAS i 0.06242% 006837 0.08115"% 0.05708" 0.07523" 0.08455" 0.07011"®" 0.06514'" 0.06245"" 0.06135% 0.06478" 0.08403""
MSE + 0.80084" 0.93138" 1.0229"" 0977147 09764 1.01722"% 0.95464 0.88006" 098231 1.01175" 097259 1.06669!"%

150 i 000625 0.007377 001005 0.00498" 0.00886' 0.01098""% 0.00777"* 0.00669'® 0.00615% 0.00583® 0.00655"! 0.01075""
MRE 029357 0.31821" 0.34199"% 031624 0.32987"'% 0.34162"" 0.32346 0.30899% 032152 032656 0.325117F 0325117

i 024967 0.27319' 0.32461 0.2283' 0.30001"% 0.33819"% 0.28045"" 0.26056' 0.24981" 0.24541%" 235162  0.348131Y

> Ranks 131 318 63110 162 51 6512 3917 238 20 3210 41.5% 64.511
0.67648'" 0.75419% 0.79076" 0.75535" 0.807151 0.84112M" 0.76407" 0.73687% 0.776527 07759 0.77796"®  0.8524811%

<

BIAS i 0055177 0.062427 0.073417% 0.05231" 0.07112" 0.08145"% 0.06312®" 00583 0.059  0.05571® 0.05837") 0.07895!"
MSE 070936 0.8566° 0.904235 0.91415' 0.94758"% 0.99435" 0.88638" 0.83933 0.926097 0.93603”"  0.9294"  1.02893!"%

200 i 000489 0.006147 0.00842"% 0.00414" 0.00789" 0.01024" 0.00637"* 0.00534"% 0.00551 0.00479® 0.00534 0.00933"
MRE 027059 030168 031631 030214 0.32286""" 0.33645"% 030563 0.29475% 0310617 031 031118%F 0.31118%%

g 0220677 0.24969'% 0.29366"7 0.20924" 0.28446" 0.32578"% 02524970 0.23318" 0.23601% 0.22286" 2.42697!'% 0.32099!"

S Ranks 10t 2913} 530} 17 5700 6811 37 18.5% 387 2913 46" 65.511
0.60887'" 071047 0.73768"" 0.6872" 0756951 0.80779"" 0.71466' 0.67699 0.72766" 0.70953* 0.72001” 0.8151411%

-~

BIAS i 004827 0056257 0.06545"% 0.04634!" 0.06359" 0.07557"% 0.05703® 0.05162" 0.05382" 0.0497®  0.05194"  0.07206"""
MSE + 058592 078185 0.80751 0.78139" 0.86561"% 0.94032" 07903 0.72897% 0.83212" 0.816297" 0.81688" 0.97619""%

275 i 0003727 0.00497 0.00674"% 0.00324"" 0.00628"" 0.00887" 0.00512* 0.00415"" 0.00458 0.0038")  0.00416" 0.00789!""
MRE 024355 0.28419" 0.29507"% 0.27488" 0.30278""" 03231217 0.28586' 0.2708% 0.29106"® 0.28381"" 0.2887%  0.2887%

g 0192797 0225% 026179 0.18538" 0.25436" 0.30229"% 02281170 0.20646" 0.21529%7 0.1988"  2.496631"% 0.32606!""

> Ranks oltl 341 54} 12 5700 68112 40 18% 437 24 445 64.511
0.56105'" 0.65403 07088 0.6212" 0.721221% 0.78125"% 0.6583" 0.61238% 0.69514® 0.69176"" 0.68721°" 0.760311Y

<

BIAS i 0043467 0050027 0.06079"% 0.042221" 0.05947 0.06977"% 0.05124"" 0.04642® 0.04954 0.04715"  0.0482"  0.06583""
MSE 051034 069059 0.769147 0.6557* 0.80953"% 0.90136""% 0.69477" 0.61166% 0.79033"' 0.78987% 0.76135" 0.86673!""

350 i 0003017 0.003847 0.00585"% 0.00266" 0.0056'"" 0.0076"? 0.00415" 0.00337%% 0.00382 0.00337% 0.00353"! 0.00663""
MRE 022442 0.26161" 0.283521% 0.24848" 0.28849"" 03125 0263321 0.24495% 027806 0.2767"%  0.27489°% 0.274891%)

g 0.17385% 020007 0.24316" 0.16889" 0.23789" 027909 02049570 0.1857°" 0.19817% 0.18861" 2.510471'% 03041211

S Ranks olt} 321 550} 12 5700 70412 381 15.5% 431 34,55 4057 61511
0.50917'" 0.60178" 0.68103""% 0.57542") 06731 0.74305"% 0.61054" 0.55884% 0.64563® 0.63377  0.63185 0.7215711Y

+
BIAS
i 0038527 0045177 0.05585% 0.03836!" 0.05339" 0.06446""2 0.04699"" 004219 0.04506" 0.04277"  0.04357"  0.061321""
MSE 042971 0.60509 0.73331"% 056894 0.72641" 0.83492"% 0.6018" 0.52085% 0.70307® 0.673917 0.66557 0.7981211"
450 i 0002337 0.003197 0.004911% 0.00222" 0.00444" 0.00651"% 0.00342"® 0.00278" 0.00315 0.00276"  0.0029"!  0.00573"
+ 020367 0.24071% 027241 0.23017" 0.26924% 0.2972212 0.24422" 022354 0.25825" 0.25348® 0.25274'%% 0.252746%
MRE o 0.15407% 0.18069'° 0.2234® 0.15346" 021356 025783 0.187977" 0.16878"! 0.18025"! 0.17108" 2.53284'% (.28863!!

S Ranks olt} 3343 601 12 54 7012 37 16 12® 3343 4057 61511
0.44679'" 054176 0.60455"” 0.51364" 0.6294""% 0.694511% 0.53938 0.50504 0.59335® 055673 0.581367 0.67106""

T
BIAS i 003312 004036 0.04855" 0.03469"% 0.048751% 0.05897"% 0.04152® 003714 0.040747 0.03772"  0.03935")  0.05456""
MSE 03358210 0.4893") 0.59696"" 0.46056"% 0.64151" 0.75646"? 0.47994 0.43342® 0.5986" 0.53466' 0582497 0.710521"
600 i 0.00173" 0.0025% 0.003711% 0.00183% 0.00365" 0.00546"" 0.00271® 0.00214® 0.002587 0.00218"  0.00237"  0.00448"""}
MRE + 017872 0.21671% 0.241821"% 020546 0.25176"" 0.2778"2 0.21575"  0.20202% 0.23734® 0222699 0.232547) 0.2325417
i 013246 0.16145° 0.19419"® 0.13878' 0.19498" 0.23588"% 0.16609"7 0.14857") 0.16297' 0.15088" 2584372 0.26843"Y
S Ranks 6! 328 54} 1523 5910} 7012 351 1529 46" 301 4357 62,511
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TABLE V1. Numerical values of simulation measures (BIAS, MSE, and MRE) for 7 = 0.3 and y = 3.5.

n Est. Est. Par. EM] EM2 EM3 EM4 EM5 EM6 EM7 EM3 EM9 EMm EM11 EM12
+ 0 01203% 012327 012563 0.11889" 0.11974" 0.12876"% 0.11602™" 0.12031 0.11903® 0.12323® 0.12744""% 0.12768""
BIAS . 7 ) 10} n ) 123 @ 6) ) 3) © 1

i 0852347 0.85245® 095021 0724920 0.82218% 1.050331'% 076838 0.82296' 0.79462¥ 077576 0.87228") 1.01617
MSE +0.0198% 0.02097 0.02095® 0.01995' 0.01986"! 0.02212"% 0.01904™" 0.01982% 0.01945% 0.02121 0.02198"%  0.02202""
25 i 125958 1240827 1.531541% 087626 1.14831% 1.76609"% 1.01233% 1.17671 1.07319" 1.01973® 1.31098®" 1.707141Y
040099 0.41066" 0.41877% 0.39629% 0.39915"  0.42921% 0.38674" 0.40105" 039677 0.41076® 0.4248"%%  0.42481°%}
MRE N 7 s} {10} ! B! {1 @ 6} o 3 o} {12}

i 0243537 024356 0.271491% 0207120 0.23491% 0.30009"" 0.21954? 023513 022704 0.22164®)  0.25893")  0.4256

> Ranks 357 44 56 13 28t 71412 olt} 3455 208 3455 57.510 66.511
0.07856" 0.08493% 0.08774"! 0.08807' 0.09178" 0.09864!" 0.08539" 0.08357% 0.09531""% 0.09469" 0.09572"Y  0.09243%

<

BIAS i 042028 045831 0.525791% 0.42063% 0.5117%  0.62162!"% 0.44841'" 0.43534"%) 0489377 0.46626'" 0.50147"  0.55281"
MSE 00095 0.01145" 001147 0.01223' 0.012657 0.01415"% 0.01138® 0.01105% 0.01398"" 0.01374"% 0.01367)  0.01299®

90 i 0283312 033113 046407 02604" 041107 0.6244"% 031965 029763 0383937 0.32937")  0.40573%®  0.4907211")
MRE + 026186 0.2831% 029248 029358 0305947 032879 028464 0.27856® 0.31771® 031565 0.31905"° 0.31905!1°%

i 012008 0.13095° 0.15023" 0.12018% 0.1462®  0.17761"% 0.12812" 0.12438"" 0.139827" 0.13322! 0.29789"" 0308111

> Ranks 7 26 44105 23033 478 70112 2304 152 51 44105 5751100 60.511
0.06271'" 0.07177% 0.076417 0.07176"* 0.07407" 0.08336""" 0.07595° 0.07079% 0.0829""%" 0.07971"! 0.08672""? 0.07709'

T
BIAS i 032188 0.37142% 042906 0.34173% 0.41617® 0.49163""% 0.40113"7 0.36539" 039944 0375821 0.4195®  0.450721"
MSE + 0.00626" 000832 0.009277 0.00851" 0.0088" 0.01069""" 0.00898' 0.00789% 0.01072"" 0.01031® 0.01175"%  0.00961®
150 i 016313 021892 0.286891% 017503 0.27482° 0.378891"% 0.24599% 0.20733" 0248957 0.21666' 0.27059"  0.32804""
MRE + 020903 0.23923% 0254727 02392 0.24689"" 027788 025317 023597 0.27632® 026569 0.28908!° 0.28908!1
i 009197 0106127 0.12259® 0.09764% 0.11891® 0.14046"” 0.114617 0.1044® 0.11413 0.10738") 0.303151  0.25696""

> Ranks 6 24 501 16" 4013 651 38t 152 491 4013 64.511 60.511%
0.05775'" 0.06228% 0.07028" 0.06271% 0.06784"" 0.07207""% 0.06437 0.06448" 0.07428"% 0.07037"! 0.07427"Y  0.06681'

T
BIAS i 029631 0.3233% 0384391 029238 0.35927 0.41755!"% 0.34227' 0320411 035452 033675 0.346637"  0.38391"
MSE + 0.00536" 0.00643% 0.00777" 0.00658" 0.007557 0.00862"" 0.00644" 0.00659" 0.00909"" 0.00826") 0.00914"2  0.0073
200 i 0.14108% 016734 0.229271% 0.13059™ 0.20719® 0.275571'% 0.18311 0.16899" 0.19774® 0.17488") 0.18549"7"  0.2428""
MRE o 019251% 02076 0234277 0.20004% 022613 024024 021456 021495 024762 0.23455' 0.24757110%) 0247571104}
i 0.08466' 0.09237"% 0.10983" 0.08354'" 0.10265"® 0.1193""% 0.09779' 0.09412" 0.101297 0.09622®" 0.30163"% 0.22269"

> Ranks olt! 158 538 132 467 6312 29 27 58110l 411 59,511 545
0.04886'" 0.05221% 0.05966"7 0.05241® 0.05865'  0.0666"" 0.05436"! 0.05313" 0.06564""" 0.06159" 0.06426!"" 0.06398"

+
BIAS
i 024694 027267 0.327321% 024887 0.31207% 0.37171"% 0.27973" 026875 031884 0.28918' 0.307517 03452511
+0.00399" 0.00461% 0.005737 0.00452  0.0056' 0.00744"% 0.0048" 0.00471"% 0.00731"" 0.00637® 0.00691”  0.00696""
275 MSE N 2} 4} {10} 1 ) {12} 5} 31 B! 6} ) {1y
i 0096872 0.11649% 0.16717"% 0.09491'M 0.1521% 021973 0.12037" 0.11327%  0.1549®  0.12837'%  0.149677  0.18415
+ 0162861 0.17405% 0.198867 0.17471%" 0.1955' 022212 0.18119" 0.17709 0.21878"" 0.2053®  0.21421°% 02142109
MRE . {1} ) ! @ 7} {10} s} 3} s} 6} (12} {1
i 007056 0.07791% 0.09352® 0.07111% 0.089167 0.1062"% 0.07992" 0.07679"! 0.0911®  0.08262' 0.31089"% 021327

> Ranks 7 198 5018 132 411 7011 30 21 591101 427 54,50 61.51Y
0.04352'" 0.04969"  0.0506'" 0.04613%  0.0539"”"  0.05811""" 0.04751% 0.04646 0.05461® 0.05735"% 0.06191"  0.0554"

T
BIAS i 022552 025086 0.28363"® 022365 0.28392°  0.325"%  0.24423" 023665 0267227 0.26576' 0292117  0.303201"
MSE + 0.00301" 0.00417" 0.00428' 0.00368" 0.004997! 0.0056"" 0.00385" 0.0034% 0.004997% 0.00546""" 0.00642"2  0.00506"!
350 i 00805 0.09893° 0.1286"® 0.07972™" 0.12917% 0.16517"% 0.0964" 0.08838" 0.112997" 0.10712' 0.129721% 0.141711Y
MRE # 0.14508" 0.16564" 0.16867 0.15378% 0.179687 0.1937"% 0.15837" 0.15486" 0.18203® 0.19115"" 0.20638""" 0206381}
i 006443 007167 0.08104"® 0.0639™" 0.08112 0.09286""" 0.06978'" 0.06761*! 0.076357" 0.07593! 0.30986"'* 0.18466!""

> Ranks oft! 301 421 102 48.5% 66111 241 179 44,57 478 67.51% 62.51%
0.03743" 0.04214% 0.046537 0.04149" 0.04847" 0.05128""" 0.04402" 0.04142 0.05066""" 0.04603 0.05693"?  0.0472®

+
BIAS
i 019067 021679 0.25556" 0.20299%  0.2591®  0.29261"% 0.2225' 021271 024577 021943} 0.268391""  0.26541"
+ 000233 0.003%  0.00348 0.00272? 0.00377®"  0.0042"% 0.00312" 0.00276" 0.00428"" 0.003627 0.00538"%  0.00363"®
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E. Method of least squares (LSE) (EM5s) F. Method of right tail Anderson-Darling (EMg)

The method of least squares (LSE) is a statistical technique used The estimation method of right-tail Anderson-Darling
to estimate the parameters of a mathematical model by minimizing involves determining the parameters of a statistical distribu-
the sum of the squares of the differences between the observed and  tion, typically a CDF, by optimizing the right-tail version of the

predicted values. To estimate the parameters, we have to minimize Anderson-Darling statistic,
the following equation:
n i 2 n n 12 .
V) =3 [F(x,-m) _ ] , R(xi) = 2 =23 F(xim) = =3 (2i - 1) log S(xin).
i=1 n+1 2 3 nid

TABLE VILI. Partial and overall ranks of all the methods of estimation of the proposed distribution by various values of model parameters.

Parameter n EM1 EMZ EM3 EM4 EM5 EM5 EM7 EMS EM9 EM10 EMH EM12

25 35 8.0 10.0 1.0 7.0 12.0 2.0 5.0 6.0 35 11.0 9.0

90 1.0 4.0 8.0 2.5 9.0 12.0 6.0 2.5 5.0 7.0 10.0 11.0

150 1.0 6.0 9.0 3.0 10.0 12.0 5.0 2.0 7.0 4.0 8.0 11.0

T=09, =03 200 1.0 4.0 8.0 3.0 9.0 11.0 5.0 2.0 6.0 7.0 10.0 12.0

275 1.0 6.0 7.0 3.0 11.0 12.0 4.0 2.0 9.0 5.0 8.0 10.0

350 1.0 4.5 8.0 2.0 10.0 12.0 4.5 3.0 7.0 6.0 9.0 11.0

450 1.0 4.0 7.0 2.0 9.0 12.0 55 3.0 8.0 55 10.0 11.0

600 1.0 4.0 8.0 2.5 9.0 12.0 6.0 2.5 7.0 5.0 10.0 11.0

25 55 35 9.0 1.0 8.0 11.0 55 35 2.0 7.0 10.0 12.0

90 2.5 5.0 10.0 4.0 9.0 12.0 7.0 1.0 2.5 6.0 8.0 11.0

150 1.0 4.0 9.0 2.0 10.0 12.0 55 3.0 8.0 55 7.0 11.0

T=20,4=08 200 1.0 4.0 9.0 2.5 10.0 12.0 7.0 2.5 5.0 6.0 8.0 11.0

275 1.0 4.0 9.5 2.0 9.5 12.0 6.0 3.0 8.0 5.0 7.0 11.0

350 1.0 4.0 9.5 3.0 9.5 12.0 6.0 2.0 7.0 5.0 8.0 11.0

450 1.0 55 9.0 2.5 10.0 12.0 55 2.5 8.0 4.0 7.0 11.0

600 1.0 4.0 10.0 2.0 9.0 12.0 6.0 3.0 8.0 5.0 7.0 11.0

25 3.0 4.0 9.0 2.0 6.5 12.0 11.0 5.0 1.0 6.5 8.0 10.0

90 1.0 4.0 12.0 3.0 10.0 9.0 8.0 2.0 5.0 6.0 7.0 11.0

150 1.0 4.0 8.0 3.0 9.0 12.0 7.0 2.0 5.0 6.0 10.0 11.0

T=15 4=25 200 1.0 6.5 9.0 3.0 10.0 12.0 5.0 2.0 6.5 4.0 8.0 11.0

275 1.0 5.0 9.0 2.0 10.0 12.0 6.0 3.0 7.0 4.0 8.0 11.0

350 1.0 5.0 10.0 2.0 9.0 12.0 5.0 3.0 8.0 5.0 7.0 11.0

450 1.0 6.0 8.0 2.0 10.0 12.0 4.0 3.0 7.0 5.0 9.0 11.0

600 1.5 6.0 10.0 1.5 9.0 12.0 4.0 3.0 8.0 5.0 7.0 11.0

25 5.0 3.0 10.0 1.0 9.0 12.0 4.0 2.0 7.0 6.0 8.0 11.0

90 1.0 4.0 8.0 2.5 10.0 12.0 6.0 2.5 9.0 5.0 7.0 11.0

150 1.0 35 8.0 2.0 55 12.0 7.0 35 9.0 5.5 10.0 11.0

t=075 u=15 200 1.0 4.0 8.0 3.0 9.0 12.0 6.0 2.0 10.0 5.0 7.0 11.0

275 1.0 4.0 7.0 3.0 9.5 12.0 5.0 2.0 9.5 6.0 8.0 11.0

350 1.0 4.0 7.0 2.0 11.0 12.0 5.0 3.0 9.0 6.0 8.0 10.0

450 1.0 4.0 8.0 2.0 9.0 12.0 5.0 3.0 7.0 6.0 10.0 11.0

600 1.0 6.0 7.0 2.5 9.0 12.0 4.0 2.5 8.0 5.0 10.0 11.0

25 4.0 6.0 11.0 3.0 5.0 7.0 10.0 1.0 2.0 8.0 9.0 12.0

90 3.0 7.0 9.5 1.0 9.5 12.0 8.0 2.0 6.0 4.0 5.0 11.0

150 1.0 5.0 10.0 2.0 9.0 12.0 7.0 3.0 4.0 6.0 8.0 11.0

T=25 4=025 200 1.0 4.5 9.0 2.0 10.0 12.0 6.0 3.0 7.0 4.5 8.0 11.0

275 1.0 5.0 9.0 2.0 10.0 12.0 6.0 3.0 7.0 4.0 8.0 11.0

350 1.0 4.0 9.0 2.0 10.0 12.0 6.0 3.0 8.0 5.0 7.0 11.0

450 1.0 4.5 10.0 2.0 9.0 12.0 6.0 3.0 8.0 4.5 7.0 11.0

600 1.0 5.0 9.0 2.5 10.0 12.0 6.0 2.5 8.0 4.0 7.0 11.0

> ranks 60.0 188.5 354.5 91.0 367.0 470.0 233.5 106.5 269.5 212.5 329.0 438.0
Overall rank 1 4 9 2 10 12 6 3 7 5 8 11
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G. Method of weighted least squares estimator
(WLSE) (EM7)

WLSE is a statistical method used to estimate the parameters
of a probability model, where varying weights are assigned to each
observation. To estimate the parameters, we have to minimize the
following equation:

P T
n+1 ]

H. Method of left tail Anderson-Darling (EM3g)

The left-tail Anderson-Darling estimation method refers to the
approach used to estimate the parameters of a distribution, par-
ticularly focusing on the left tail, based on the Anderson-Darling
statistic. The Anderson-Darling statistic measures how well a given
distribution fits a dataset. By minimizing the CDF of IUEPrD for
ordered random variables, we can estimate the parameters of the
suggested model,

z": (n+1)2(n+2)[

W) = 2 e T

i

L(xi) = —%n +2) F(xin) — %Z (2i - 1) log F(xin).
i=1 i=1

I. Minimum spacing absolute distance (EMo)

If we have an ordered sample denoted as Xi.4, ..., Xnn from
IUEPrD, the minimum spacing absolute distance estimates can be
derived by minimizing the following equation:

n+1

{(xi) = ZI t——

J. Minimum spacing absolute-log distance (EM,)
Using this estimation method, we can estimate the model
parameters by minimizing the following expression:

n+1

Ya(xi) =) |log@; — log

i=1

K. Anderson-Darling method 2LT left-tail
second-order (EM11)

The parameters of IUEPrD can be derived using the left-tail
second-order estimation using the Anderson-Darling method 2LT,
which is achieved by minimizing the following function:

LTS = 22 log F(xi) + — Z (2

n F(x

L. Kolmogorov method (EM;;)

The Kolmogorov estimators for the parameters of the IUEPrD
distribution can be obtained by optimizing the following expression:

KM = MAX[f ~ F(x), F(x) - 71]

1<i<

pubs.aip.org/aip/adv

V. NUMERICAL SIMULATION

In this section of our paper, we aim to assess the efficacy of dif-
ferent estimation methods in determining the distribution of para-
meters associated with the IUEPrD. To achieve this goal, we adopt
a simulation-based approach, systematically evaluating the perfor-
mance of these estimation techniques. Our investigation spans vari-
ous sample sizes, denoted as n = 25,90, 150, 200, 275, 350, 450, 600,
and explores diverse parameter configurations. We generate 5000
random samples drawn from the IUEPrD to facilitate our analysis.
We then proceed to evaluate the performance of these estimation
methods by computing three key statistical metrics: the average
absolute bias (BIAS), the Mean Square Error (MSE), and the Mean
Relative Estimate (MRE). These computations use the statistical
software package optimin R.'*

By systematically varying both sample size and parameter val-
ues, we provide valuable insights into the performance of these
methods across different scenarios. These insights are particularly
relevant for researchers and practitioners seeking reliable and robust
estimation techniques. The expressions for BIAS, MSE, and MRE are
given by

BIAS = MSE =

1M 2
MZ (®; - D))",

|(D, 1
Z

1M
*5 |©; — i,
MZ

where ®; represents 7 and .

Tables I-VI present our simulation results. These tables dis-
play the computed values of the three fundamental performance
metrics obtained using 12 distinct estimation methods. Notably, the
data in these tables consistently exhibit relatively small values across
various parameter combinations. This observation underscores the
tendency of the estimators to produce results with minimal devi-
ations from the true values. Importantly, this trend reflects the
consistency in the estimators, wherein the magnitudes of these met-
rics decrease as the sample size increases. This pattern is consistently
observed across all experimental scenarios. Based on the informa-
tion provided in Table VII, we infer that the most effective methods
for estimating our proposed model parameters are EMg and EM12,
as they consistently achieve high rankings in the simulation tables.

VI. REAL DATA ANALYSIS

In this section, we provide two real data examples to show
the usefulness of the IUEPrD in modeling real-world data. In this
regard, we consider some selection criteria, such as -2 x log (¢),

TABLE VIII. List of the lifetime distribution to modeling datasets.

-5()" e ()
fer(x) = B(2) e el | wf>0

few(aB,y) = aﬁyxy " exp (—ax’) {1 - exp (—ax)} @By >0
fee(ar B) = af exp (~fx) (1~ exp (~px))"" @f>0

a,B>0
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TABLE IX. MLEs and SEs of the parameters of the fitted distributions for the flood charges data.
Distribution + i & & y SE(%) SE(j1) SE(&) SE(B) SE($)
IUEPrD 0.1288 36.4482 e 0.0614 5.8516 e e
Weibull 1.7724 58.3858 e e 0.1777 5.0597
EP 88.6411 1.0907 7.4340 0.1146
EE 5.8497 0.0480 e 1.7322 0.0070 e
EwW 0.7991 0.4819 93.7547 0.5435 0.1188 112.1037
TABLE X. Selection criteria for the flood charges data. exponential (EE),” and exponentiated Weibull (EW)?!' distribu-

2logl AIC BIC CAIC HQIC tions. The PDFs of the fitted distributions are given in Table VIII.
IUEPrD 434.4560 438.4560 442.1984 438.7226 439.8702 A. Flood charges data
Weibull  451.4130 455.4130 459.1554 455.6797 456.8272 . .
B st st e sl ;o TG FL B conin of i neron e 0 e
EE 438.8942  442.8942 446.6366 443.1609 444.3085 Edmonton obtained b gRef 2
EW 4325116 438.5116 444.1252 439.0571 440.6330 YR 25

Akaike information criterion (AIC), Bayesian information cri-
terion (BIC), Consistent Akaike Information Criterion (CAIC),
and Hannan-Quinn information criterion (HQIC), to compare
the fits of fitted distributions. Two real-life datasets are fitted
to IUEPrD, Weibull, Exponential Power (EP),'” exponentiated

The flood charges data are given by 19.885, 20.940, 21.820,
23.700, 24.888, 25.460, 25.760, 26.720, 27.500, 28.100, 28.600, 30.200,
30.380, 31.500, 32.600, 32.680, 34.400, 35.347, 35.700, 38.100, 39.020,
39.200, 40.000, 40.400, 40.400, 42.250, 44.020, 44.730, 44.900, 46.300,
50.330, 51.442, 57.220, 58.700, 58.800, 61.200, 61.740, 65.440, 65.597,
66.000, 74.100, 75.800, 84.100, 106.600, 109.700, 121.970, 121.970,
and 185.560.

The MLEs and the corresponding standard errors (SEs) of the
parameters of the fitted models are given in Table IX, while Table X

09 -
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F o5 B
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X

FIG. 2. Fitted CDFs for the flood charges dataset.
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FIG. 3. Fitted PDFs for the flood charges dataset.

presents the selection criteria for the flood charges data. Further- ~ TABLE XII. Selection criteria for the vehicle pass time data.
more, Figs. 2 and 3 il}ustrate the fitted CDFs and PDFs for the flood 2logt AIC BIC CAIC HQIC
charges data, respectively.
From Table X, we conclude that the IUEPrD distribution is IUEPrD 665.6352 669.6352 674.4729 669.7852 671.5787
the best-fitted model for the flood charges dataset according to all  weibull 677.2643 681.2643 686.1020 681.4143 683.2078
comparison criteria. EP 688.6168 692.6168 697.4545 692.7668 694.5603
EE 676.7629 680.7629 685.6005 680.9129 682.7064
EW 664.0233 670.0233 677.2798 670.3271 672.9386

B. Vehicle pass time data

The second dataset is provided by Ref. 23 regarding the length
of intervals between times at which vehicles pass a point on a road.
The second dataset is 2.5, 2.6, 2.6, 2.7, 2.8, 2.8, 2.9, 3, 3, 3.1, 3.2, 3.4,
3.7,39,39,39,4.6,4.7,5,5.6,5.7,6,6,6.1,6.6,6.9,6.9,7.3,7.6, 7.9, 44.8,49.8,51.7,55.7, 56.5, 58.1, 70.5, 72.6, 87.1, 88.6, 91.7, and 119.8.
8,8.3,88,93,94,9.5,10.1, 11, 11.3, 11.9, 11.9, 12.3, 12.9, 12.9, 13, Table XI provides the MLEs and the corresponding standard errors
13.8,14.5,14.9,15.3,15.4,15.9, 16.2, 17.6, 20.1, 20.3, 20.6, 21.4, 22.8, of the parameters of the fitted distributions. Table XII provides
23.7, 23.7, 24.7, 29.7, 30.6, 31, 34.1, 34.7, 36.8, 40.1, 40.2, 41.3, 42, the vehicle pass time dataset selection criteria. In addition, Figs. 4

TABLE XI. MLEs and SEs of the parameters of the fitted distributions for the vehicle pass time data.

Distribution t it & & y SE(%) SE(i1) SE(&) SE(B) SE($)

TUEPrD 8.1589  0.4322 - 11.0385  0.5249 - .

Weibull - 09962  21.7171 b o e 0.0816  2.5390

EP e co 42.6472 0.6810 o ” o 42965  0.0596

EE - . 1.1132 0.0493 . - . 0.1668  0.0070 -

EW - - 2.8189 02263  97.0826 - . 18362 0.0931  198.8596
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FIG. 4. Fitted CDFs for the vehicle pass time dataset.

and 5 illustrate the fitted CDFs and PDFs for the vehicle pass time comparison criteria except —2log/. As a result of the goodness-

dataset. of-fit test for the flood charges and vehicle pass time datasets, the
Table XII shows that the IUEPrD distribution is the best- IUEPrD distribution is a worthy alternative to Weibull and other
fitted model for the vehicle pass time dataset according to all competitors.

0.08
IUEPrD
Weibull
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[
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FIG. 5. Fitted PDFs for the vehicle pass time dataset.
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FIG. 6. Sampling information.

VIl. BAYESIAN ANALYSIS OF IUEPrD

In this section, we analyze and estimate the parameters of the
IUEPrD using the Bayesian approach. To perform the Bayesian anal-
ysis, we require prior distributions of the parameters and likelihood
functions of the IUEPrD, which are defined as follows: we assume
that the prior distribution of the parameters ¢ and 7 follows a gamma
prior, represented as

by a—1 —b,
p(u) = 1“(9111)“ e s 0, (ay,by) > 0,
by a1 b
PO = gy O ek >0
2

Furthermore, the likelihood function for the parameters 4 and 7 and
the observed data x = (x1 ... x,) can be obtained as

. () )
L(wlx) = (un)']] 55—
i=1

2
x,-—l

Now, we can define the posterior distribution by using the priors and
likelihood function as

p(u7lx) = L(w 7lx) - p(u)p(7)
o (ZHT)n‘ual—lTaz—le—bm—hz‘r
xi+1 )‘”e‘rfr(if—ri)[‘

1 (x,—l
e e
i=1

2
x,-—l

For the numerical analysis of the posterior distribution, we have
used the flood charges data presented in Sec. VI A, and we have
considered the hyperparameters as y ~ I'(6,10) and 7 ~ I'(1.5,2.5).

tau |
12.51 chain
10.0 1 — 1
7.54 — 2
5.0 — 3
— 4
2000 2500 3000 3500 4000 2000 2500 3000 3500 4000

FIG. 7. Trace plot for the parameters y and .
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FIG. 8. Autocorrelation plot for the parameters y and 7.

TABLE XIll. Posterior summary statistics.
Parameter Mean se_mean sd 2.50% 25% 50% 75% 97.50% n_eff Rhat
mu 2.2516 0.0082 0.4026 1.5477 1.9626 2.2219 2.5110 3.1163 2418.5660 1.0026
tau 6.0742 0.0247 1.2049 4.0186 5.2053 5.9781 6.8277 8.6733 2362.5480 1.0024
Ip__ —266.8240 0.0184 1.0119 -269.5110 -267.2130 -266.5050 -266.1060 —265.8360 3000.9730 1.0014
A. Convergence analysis explores the posterior distribution. Graphical visualization of con-

vergence diagnostics aids in this assessment.”* Figure 6 presents
The assessment of convergence in Stan for Bayesian inference information regarding the sampling process, indicating the absence
is essential to ensure that the MCMC sampling process adequately of divergent transitions, a positive indicator of convergence. In

1.00-
0.3- \
0.75-
0.2-
- 2
‘® 0.50- @
C c
[} (]
© ©
0.1-
0.25-
0_ -’
L 1] L (I
1 2 3 4 25 5.0 75 10.0 12.5
mu tau
FIG. 9. Histograms of posterior estimates of parameters ¢ and .
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TABLE XIV. Credible and HPD intervals at 95% confidence level.

Parameter CI HPD

mu (1.553.12) (1.52 3.08)
tau (4.02 8.67) (3.87 8.48)
Ip__ (-269.51 -265.84) (-268.86 -265.81)

Fig. 7, we observe trace plots for parameters ¢ and 7. These plots
demonstrate that the chains are well-mixed and have converged, fur-
ther supporting the adequacy of the sampling process. Moreover,
Fig. 8 shows the autocorrelation plots for different chains, suggesting
that the samples are independent and uncorrelated. This indepen-
dence is crucial for ensuring the validity of the sampled posterior
distribution. Hence, the convergence analysis in Stan, as illustrated
through graphical diagnostics, provides confidence that the MCMC
sampling process has effectively explored the posterior distribution
and reached convergence.

B. Posterior sample analysis

After conducting the MCMC algorithm in Stan, we acquired
a substantial number of samples (i.e., 16000, with 8000 utilized
for warm-up) from the posterior distribution of parameters. These
samples facilitated parameter estimation and uncertainty quantifi-
cation through various summary statistics, including mean, median
(50%), Monte Carlo standard error (se_mean), standard deviation
(SD), effective sample size (n_eff), and Gelman-Rubin statistics
(Rhat), which are listed in Table XIII. In addition, we present a
graphical representation of histograms of posterior estimates of the
parameters g and 7 in Fig. 9.

Moreover, to further characterize the uncertainty, we com-
puted 95% credible intervals (CIs) and highest posterior density
(HPD) intervals, which are presented in Table XIV. These inter-
vals offer insights into the range of plausible parameter values based
on the observed data and the posterior distribution. These analyses
enable us to draw conclusions and make predictions based on the
model’s performance and its compatibility with the observed data.

VIil. CONCLUSION

Utilizing the inverse transformation approach, we have intro-
duced a novel distribution termed the Inverse Unit Exponential Dis-
tribution (IUEPrD). This distribution exhibits a reverse-J, increas-
ing, or inverted bathtub-shaped hazard rate function. We have
delineated key statistical properties characterizing this distribution
through a comprehensive analysis. The associated parameters were
estimated using 12 methods, and a Monte Carlo simulation was con-
ducted to assess the estimation procedure. Our findings indicate
that biases and Mean Squared Errors (MSEs) diminish with increas-
ing sample sizes, even for small samples. To validate and apply the
TUEPTD, we leveraged two real datasets using the classical approach.
Our analysis revealed that the proposed model outperforms existing
models documented in the literature.

Furthermore, we subjected the suggested model to scrutiny
under the Bayesian framework. Employing Markov Chain Monte
Carlo (MCMC) with Hamiltonian Monte Carlo (HMC) under the
No U-Turn Sampling (NUTS) scheme, we generated 8000 real
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samples. Convergence diagnostics revealed that the chains exhibit
convergence and the samples demonstrate independence. We sub-
sequently estimated the parameters of the IUEPrD using posterior
samples and computed credible intervals (CIs) and Highest Poste-
rior Density (HPD) intervals. Thus, our investigation demonstrates
the applicability of the suggested model to real data under both
classical and Bayesian methodologies.
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