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ARTICLE INFO ABSTRACT
MSC: This study introduces a novel numerical approach based on shifted fractional-order Gegenbauer wavelets. The
26A33 technique aims to provide approximate solutions for a certain class of extremely significant fractional models
34A08 of electrical LC, RC, RL, and RLC circuits. We use a collocated approach to generate numerical solutions
2:?;3 for these circuits model by making use of the beneficial characteristics of shifted fractional-order Gegenbauer
97M50 polynomials (SFGBP). We include a parameter that characterizes the presence of fractional structures inside the
models in order to retain the dimensional properties of the physical parameters in the electrical circuits. Several
Keywords: particular instances of the various source terms have also been examined. The main findings include the close
Block pulse function resemblance of current fractional-order models to classical cases, variations in current with resistance values,
Caputo derivative and error reduction through additional series terms. Numerical simulations are shown through geometrical
Electrical circuits interpretation to illustrate the exactness and reliability of our technique.

Shifted fractional-order Gegenbauer wavelets
Shifted fractional-order Gegenbauer
polynomials

1. Introduction

The significance and extensive range of applications for fractional models [33-37,41,43,45,48], described by fractional derivatives, have moti-
vated researchers in mathematics and physics to investigate approximate and numerical solutions for fractional differential equations (FDEs) using
various techniques [46,47]. These equations find practical use in fluid mechanics [1], image processing [2], biology [3,4], engineering [5], physics
[6], electrical circuits [7,8], filters, and other fields [9-11]. The distinctive characteristic of fractional-order models lies in their non-local nature,
enabling them to represent physical processes and dynamical systems with greater precision than integer-order models [12,13]. However, finding
exact analytic solutions for nonlinear fractional differential equations is challenging. Consequently, several numerical and approximate methods
have been developed, including the spectral collocation method [18], homotopy analysis method [17], variational iteration method [16], differ-
ential quadrature method [19], adomian decomposition method [15], fractional reduced differential transform method [14], and wavelet methods
[20,21,31].

Wavelets have recently gained popularity as efficient numerical techniques for fractional calculus, giving a number of beneficial characteristics
such as compact support, multi-resolution representation, orthogonality, and polynomial representation up to a certain degree. The orthogonal
basis for L%(R) is provided by wavelets, such as the Haar wavelet, which also provide compact support in the form of rectangular functions
[29,32,44]. There are other wavelet-based techniques that have been proposed, including the cosine and sine wavelet approaches [28], the gener-
alized fractional-order Chebyshev wavelet method [27], the Fibonacci wavelet method [20], Bernoulli wavelet [42] and Gegenbauer wavelet [21].
Legendre polynomials are extended by Gegenbauer wavelets, which are built using Gegenbauer polynomials as their basis functions, depending on
the parameter value.

In this study, we presented an effective numerical method to approximate solutions for fractional LC, RC, RL, and RLC electrical circuits
using the Caputo fractional derivative. To ensure consistency with boundary conditions, we use shifted orthogonal polynomials as wavelet basis
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functions. By introducing a suitable transformation, we modify the polynomials, simplifying the method analytically and improving accuracy by
avoiding additional algebraic manipulations. In particular, we introduce the SFGBP and establish appropriate normalization factors to ensure their
orthonormality. Moreover, based on these SFGBP, we propose a novel class of wavelets known as shifted fractional-order Gegenbauer wavelets
(SFGBW). Previous works by Gomez et al. [22], Shah et al. [23], Alsaedi et al. [24], Arora and Chauhan [25], Atangana et al. [7], and Sene et al.
[26] have explored solutions for electrical circuits using the Caputo derivative and various fractional calculus techniques. The motivation for this
study lies in the development of a novel numerical algorithm utilizing SFGBW to approximate solutions for fractional electrical circuits, building
upon previous research in the field and aiming to enhance analytical simplicity and accuracy while avoiding excessive algebraic manipulations.
The primary advantage of using numerical methods that employ orthogonal basis functions to solve differential equations numerically is that they
transform the problem under consideration into a system of linear or nonlinear algebraic equations. The application of wavelets, on the other
hand, results in faster numerical approaches that use a sparse matrix-based system of algebraic equations, which lowers costs and computational
complexity. The key feature of SFGBW is that the fractional-order parameter allows us to adjust the shape and properties of the wavelet, which
offers a higher degree of flexibility. This approach does not appear to have any significant weaknesses. However, it operates within a limited domain
and necessitates transformations for broader applicability.

Electrical circuits involve the flow of electrical charges in the form of electrons and waves, resulting in the creation of an electromagnetic field
around the conductor. Different types of circuits include:

* RL circuit: These circuits consist of electrical resistance (R) and inductors (L). Inductors multiply the electromotive force (EMF) generated
by the current. RL circuits are commonly used in chokes for luminous tubes.

* RC circuit: These circuits consist of electrical resistance (R) and capacitors (C). They are used in heart pacemakers, camera flashes, and other
electrical equipment.

» L C circuit: These comprise resistors (R) and capacitors (C). They are designed to generate signals at specific frequencies.

* RLC circuit: RLC circuits involve the combination of resistors (R), inductors (L), and capacitors (C) in series. They find applications in
biological defibrillator circuits, vehicle security systems, and communication system filters. R L C circuits exhibit more complex and appealing
responses compared to RC and R L circuits.

The article is organized as follows: Section 2 provides an overview of the fundamental concepts of fractional calculus, including an introduction to
the fractional Gegenbauer polynomial and an exploration of its significant properties. Moving on to Section 3, we delve into the investigation of
the SFGBW operational matrix of fractional order integration. In Section 4, we concentrate on the practical application aspect, utilizing SFGBW to
approximate the solutions of the fractional electrical circuits model. Furthermore, Section 5 presents a comprehensive discussion of error analysis.
To demonstrate the efficacy of our proposed method, numerical simulations are presented in Section 6. Lastly, in Section 7, we conclude our study.

2. Fractional calculus

Several methods exist for defining fractional order derivatives, such as Caputo, Riemann-Liouville (R-L), Griinwald-Letnikov, and Baleno frac-
tional. Among these, Caputo’s method is particularly notable as it handles initial conditions specified in terms of field coordinates and their integer
order. In this article, we adopt the fractional derivative in the sense of Caputo to avoid any confusion. For more in-depth exploration, we recommend
referring to the works cited in [12,13].

Definition 2.1. The R-L fractional integration operator of order a > 0 for the function A(r) is described as follows:

a _ 1 h(t)
1 h(T)_F(a) /71—&1—’1 dt, 7>0.
0

A few, properties of operator /* are listed below:

1. IIPh(t) = I h(r), o, >0,
2. I°IPh(z)=I1PI%h(z), a,f>0,

ra+p)
a p — a+p —
3. 1% = T+a ﬂ)T , p>-1.

Definition 2.2. The Caputo fractional order derivative D* of the function A(z) is defined as follows:

h(t
D%h(t) = 1 @ dt, n—1<a<nmneN,
I'n—a) ) (z—rte-nt!
0

below are some fundamental properties of D*:

1. D“(yh(r) + éh(r)) =yD%h(z) + § D* h(r), where y,5 are constants,
Tra+p p-a

2. D¥f=— 27 ,
T Ta+p-a "

O<a<p+1,p>-1;
n—1 k

3. IaDah(T)Ih(T)—sz(0+)%, n—l<a<nnen;
k=0 :

4, D*C =0, C isa constant.

Shifted fractional-order Gegenbauer polynomials

On the interval [—1, 1], the Sturm-Liouville equation is satisfied by the Gegenbauer polynomial, Gﬁ(z) of order n as:

A 1= 2y0+3 ié's(z)] +n(n+28)(1 — 22716 (z) = 0.
dz dz™ " n
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The objective of this initial section is to provide a broad introduction to the SFGBP and highlight some of its essential characteristics. The construction
of SFGBP involves a variable transformation applied to the classical Gegenbauer polynomials. On the interval [-1, 1], the nth degree of the classical
Gegenbauer polynomials éﬁ(z) are defined, for 6 > %l neZ*, as:

G@=1. Gi(2)=2sz
G ()= = 201+ 8)205(2) — (1 +25 - DG (), n=12,....

The definition of the orthogonality relation for Gegenbauer polynomials can be stated as follows:
1

/ (1-22)"7 B )C (Mz = Sy

21
72120 (n + 26)
n!(n + 8)(I'(5))?

On interval [0,£], from classical Gegenbauer polynomials, we can obtain the SFGBP by using the following transformation z = 2;—; -1 as
SG (1) =G <2;—’; - 1>,

SG (1) =1,

60y =05 (21 _
SG1 (t)—26<2§ﬂ 1>,

1
where J ,‘f (z2)= is the normalizing factor, w(z) = (l - zz)'s_E is the weight function and « is the Kronecker delta function.

n+l

SGP 1) =ﬁ <2(n+ ) (2;—,; - 1) SG2P(t) — (n+24 - 1)Sij1(z)> n=12,....

E268 12 1=40(n 4 26)

1 1
Theorem 2.1. The SFGBP are orthonormal w.r.t. weight function a(t) = tﬂ(‘erE )-1 (&f - tﬂ)5_5 and normalizing factor J>* =
pnl(n+ 6)T(8))?

Proof. Define, orthogonality of Gegenbauer polynomials as:
1
1 o
/ (1-22)°72 GG (x)dx = JE k. oH)

-1

p
Utilizing the transformation z = 2;—17 — 1, we compute

¢ 5—1
y 2\ -3 i y "
b/ 1_<25_ﬁ_1> SGP()SG (Hd <2§_ﬂ_1>’

e
226 1)_ =

/gzﬂ‘gtﬂ<5+2) 1(611_[11)5 2 SGH (1) SGPP (.

0

or

From Eq. (1), we get

¢
1 5— L .
/ PO (P 18)°72 SGH (1 SGO P (rydr
0
£
= WJ:K"W

or

4
/ wp(SGHNOSGP (tydt = T,
0

where wj(f) = tﬂ(“%)_l (& - tﬁ)‘s*% and

Jo E263 52140 (n 4 26)

T Bnl(n+ 8)(I(5))2 =

Shifted fractional-order Gegenbauer wavelets

The importance of scaling functions and mother wavelets in wavelet analysis cannot be overstated, as they form the basis for generating a family
of functions. The general expression for a scaling function is:
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‘anm(t)=Ly/(t_m), nmeR,n#0,

\/m c

where, m is the translation parameter and » is the scaling parameter. Restrict n, m to discrete values as: n= na", m=amgng k. where ny > 1,my >0 and
k,a € N, we obtain

i
Weat) = (ng) 2 W (nft —any) .

The collection of wavelets constitutes an orthogonal basis for L2(R). Specifically, when ny =2 and mg = 1, the wavelet functions v, , form an
orthonormal basis, satisfying the following relation:

<Wk,r(t)’ Ws,b(t)> = KksKrp-
The definition of the discrete wavelet transform is given by:
k
Vi =22y (21— a).
On the interval [0, ¢), the SFGBW is defined by

m
2k

<t<éok,

)
=

2§SGI‘.W (2kt—¢j+¢), ¢

1
8, }
vl =4 V1’

0, otherwise,

here, the level of resolution is k = 1,2,3, ..., the translation parameter is j =1,2,3,...,2%,i=0,1,2,..., N — 1 and order of the SFGBP is (N — 1), N
e zZ*.
The SFGBP weight function is scaled and translated for the SFGBW as

0=y (Fr-gj+8) = (M- gy +e) () (- (4-g+0)) 7.
For k = p,p €N, we have

Lp
w, (1), 0<t<§2P,

w;’p(t), el <rcel

) 2w = 2’
JsP - 3.p
Oy D=1 (), £ <1<Es,
29 p 2P—1
@y ’g’—zp <t<é.

Function approximations of any function h(f) € L?[0,&) can be expanded into SFGBW series as,

2k N-1
h(t)= Z Zg‘“"v“’a) SDIDIN ##a HAON
j=1i=0 Jj=1i=0

=g"P(),

here g*# and W?# are 7 x 1, ({=2¥N), matrices, given by

5.8 — 1,08 08 5.8 5.8 5.8 LN N 5.8 T
g =18y 8 8y 8020 BN 20 8y b0 &) 2k""’g/v—1,2k] 2)
W0 = [l O il O OO, WO O 0, 12k(z) . ®3)
We considered the collocation points t, =& jﬁl 5 =12, .,2kN. The SFGBW matrix ¥’ KN 2N is given as
"y [Té,ﬁ (5 1 ) @b (5 3 ) oy §2k+1N -1 @
2kNx2kN 2k+1 N )7 okl ) T 2k+1 N :
Fork = 2)N = 3,6 = 3and p = 1.5, the SFGBW matrix is obtained:
197772 197772 19.7772 0 0 0 0 0 0 0 0 0
0 0 0 197772 197772 19.7772 0 0 0 0 0 0
0 0 0 0 0 0 197772 197772 19.7772 0 0 0
0 0 0 0 0 0 0 0 0 197772 197772 19.7772
—48.3262 —16.3840 29.1692 0 0 0 0 0 0 0 0 0
AR 0 0 0 —48.3262 —16.3840 29.1692 0 0 0 0 0 0
12x12 7 0 0 0 0 0 0 —48.3262 —16.3840 29.1692 0 0 0
0 0 0 0 0 0 0 0 0 —48.3262 —16.3840 29.1692
54.0184 —1.1879 14.3674 0 0 0 0 0 0 0 0 0
0 0 0 54.0184  —1.1879 14.3674 0 0 0 0 0 0
0 0 0 0 0 0 54.0184  —1.1879 14.3674 0 0 0
0 0 0 0 0 0 0 0 0 54.0184 —-1.1879 14.3674
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3. Operational matrix of fractional-order integration of SFGBW

The block-pulse functions (BPFs) represent on [0, &) is given by

v+l

1 &f<i< 0,
o,m=4 ' ¢ SI<¢ ®)
0 otherwise,
here, with v = 0, 1, ..., 7 - 1, we have the ability to express any function f(t) € L,[0,&) in the form of BPFs [29,38-40] as:

i-1

OB WARGETUCION (6)

k=0

here, the coefficients of the BPFs are q” =[qq,q;, 45, ... ¢;_; ] and O() = [6,(t), 8, (1), ....,6;_, 1T . SFGBW can be extended into i— set of BPFs as
5.8/ _ b
Wor(t) = \I’rhxrh@(t)'
The expression for BPFs of the fractional integral is represented by:

(170) (0 =F; 0(),

where F:_i’Xf and its entries are given in [29] as

1 ¢ ¢ o ... ¢
0 1 Cq Cy Cf—2
a
g 1 0 0 I ¢ ... ¢y
F . == i ) ,
i <J> rl@+2)| i 1 i L @
00 .. 0 1 ¢
0O 0 0 0 1

with

Uﬁﬁﬂ — \Iﬁ,ﬂFa(\Iﬁﬁ)—l
ixi ixi ixi’
Here, the matrix U?;”i'“
differential equations.
For k=2,N =3,6=1.9 and # =0.75, and a = 0.93 the following SFGBW matrix is obtained:

denotes the SFGBW operational matrix of integration with order a. This matrix plays a crucial role in solving fractional

0.1218  0.2673 02522  0.2446 0.0614 -0.0056 -0.0021 —0.0013 0.0051 0.0010 0 —0.0001
0 0.1218  0.2673  0.2522 0 0.0614 —0.0056 —0.0021 0 0.0051 0.0010 0
0 0 0.1218  0.2673 0 0 0.0614  —0.0056 0 0 0.0051  0.0010
0 0 0 0.1218 0 0 0 0.0614 0 0 0 0.0051
-0.0743  0.1056  0.0953  0.0914 0.0093 -0.0047 -0.0011 -0.0006 0.0659 0.0014 0.0000 0
19075093 _ 0 —-0.0743  0.1056  0.0953 0 0.0093  —0.0047 -—0.0011 0 0.0659 0.0014 0
12x12 0 0 —-0.0743  0.1056 0 0 0.0093  —0.0047 0 0 0.0659 0.0014
0 0 0 -0.0743 0 0 0 0.0093 0 0 0 0.0659
0.0233  0.1383  0.1285  0.1243 0.0122 -0.0041 -0.0012 —0.0007 0.0275 0.0011 0 0
0 0.0233  0.1383  0.1285 0 0.0122 —0.0041 —0.0012 0 0.0275 0.0011 0
0 0 0.0233  0.1383 0 0 0.0122  —0.0041 0 0 0.0275 0.0011
0 0 0 0.0233 0 0 0 0.0122 0 0 0 0.0275

Since ‘I’”X" and U‘Sxﬁ“ contain many zero entries which makes the calculation fast. We can derive various SFGBW matrices for different values of
X1 X1
6 and f and their corresponding fractional-order operational matrices of integration.

4. Application

Model 1: LC Electrical Circuit
The classical form of L C circuit is defined as

d 2
—u(@®) + 1) =x,
T @)+ u)=x
where —L_ =y2 and £_..
LC circuit equation consists of a charged capacitor and an inductor, and the fractional order differential equation (FODE) of the LC circuit is

expressed as follows:

D U] + 77 u() = x, ae(1,2], (8)

with initial conditions u(0) = y,, and D*[u(0)] =0.
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To find the approximate solution of Eq. (8) by SFGBW, let

2k N-1

DUlu~ Y, Y & e o). ©

Jj=1i=0
By integrating Eq. (9) w.r.t. ¢, we obtain
2k N-1

uyr Y, Y g UL (@) + D [u(O)] + (0). (10)
Jj=1i=0

After incorporating the initial conditions, the resulting outcome is obtained as

2k N-1

TOEDIDIE AL Uttt ORI an
Jj=1i=0

Now, Eq. (8) is converted into matrix form as follows:

2k N-1 2k N-1
gD+ [ YN e UMW ) 4 g | = % a2)
j=1i=0 Jj=1i=0

The matrix equation mentioned in Eq. (12) can be effectively solved using MATLAB, allowing for the determination of the vector of wavelet

coefficients, denoted as g?’jﬂ .

Model 2: RC Electrical Circuit
The classical form of RC circuit is defined as

RO+ %v:F(l).

Now, Q(t) and v(t) are related Q(t) = d;(:)
F(@)
v(t) + W ="

Let us examine the fractional RC circuit, which includes components such as resistance and a charged capacitor.
The associated FODE is expressed as:

D*[v()] + yv(t) = %, where 0<a <1, (13)

with condition v(0) = v, where y = Rl ok

To find the approximate solution of Eq. (13) by SFGBW, let
2k N-1

DEVOIEDY Z g @), as

j=1 i=
By integrating Eq. (14) w.r.t. 7, we obtain
2k N-1

Vi~ Y, Z g LU WL (1) + 1D [v(0)] + v(0). @15)
Jj=1 i=

After applying the provided conditions, the result obtained is as follows:

2k N-1

vinm Y Y g Pt 1) + v, (16)

j=1 i=0

Now, Eq. (13) is converted into matrix form as follows:

2k N-1 2k N-1 F()
g0+ x| Y Y & U 1)+ vy = == 17
j=1 i=0 j=1 i=0 R

The matrix equation mentioned in Eq. (17) can be effectively solved using MATLAB, allowing for the determination of the vector of wavelet

coefficients, denoted as gf’jﬂ .

Model 3: R L Electrical Circuit
The classical form of R L circuit is defined as

dQ(l) + RO(t)= F(@).

Let us consider a fractional R L circuit that comprises a resistor and a charged capacitor.
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The associated FODE is expressed as follows:

DY[lv()] + pv(t) =06, whereO<a<l, (18)
with condition v(0) = v, where p = E, o= %.
In order to approximate the solution of Eq. (18) using SFGBW, let us consider the following:

2k N-1

Dl Y, Y e o). 19)

j=1 i=0
By integrating Eq. (19) to « order w.r.t. 7, we obtain

2k N-1

vinm YD P UMP W (1) + (D [v(0)] + v(0). (20
j=1 i=0

After applying the provided conditions, the result obtained is as follows:

2k N-1

v(I)NZZg‘sﬁUM” 5ﬂ(t)+v 21)

j=1 i=0

Now, Eq. (18) is converted into matrix form as follows:

2k N-1 2k N-1
ZZg‘S’}‘P5ﬂ(t)+p ZZg‘SﬁU”“‘P”(t)+v0 =o0. (22)
j=1 i=0 j=1 i=

The matrix equation mentioned in Eq. (22) can be effectively solved using MATLAB, allowing for the determination of the vector of wavelet
coefficients, denoted as gb #

Model 4: RLC Electrical Circuit
The classical form of RLC circuit is defined as
d%v dv 1
LT‘FRE + EV(I)—F(I)A

Let us examine the fractional R L C circuit that consists of components such as resistance, inductance, and a charged capacitor.
The associated FODE is expressed as follows:

D> [v(t)] + wD[V¥(1)] + ov(t) = %, where 0<a <1, (23)
with conditions v(0) = v, and D*[v(0)] =0 where w = % and o= ﬁ.
Applying the SFGBW wavelet method to Eq. (23), let
2k N-1
Dy~ Y, Y & ). (24)
Jj=1i=0

By integrating Eq. (24) w.r.t.  and using given condition, we obtain

2k N-1

D vl Y Y, Ul e ). (25)

j=1 i=0
By integrating Eq. (25) w.r.t. #, we obtain

2k N-1

CEDID g“U“’ 2a ”(r)+zv“(0) +(0). (26)
Jj=1 i=0

After using the conditions in equation (26), we get

2k N-1

LD z glul gl 70+ vp- @27)
Jj=1 i=

Now, Eq. (23) is converted into matrix form as follows:

2k N-1 2k N-1 2k N-1

> Yl n+rw| Y Y g ul e |+l Y Zg”U”Z“W”(tH v|= 22 (28)

j=1i=0 Jj=1i=0 j=1i=0 L

The matrix equation mentioned in Eq. (28) can be effectively solved using MATLAB, allowing for the determination of the vector of wavelet
coefficients, denoted as g'S #



P. Yadav, S. Jahan and K.S. Nisar Ain Shams Engineering Journal 14 (2023) 102544

5. Error analysis

Theorem 5.1. [30] Suppose that * D} u(t) € Clu,v] for m=0,1,2,..., N, where 0 <a < 1, we have

(cDY*u) ©

N-1
(t — u)™

— N " (epma N u TP \Na
W)_m:o F(ma+1)( D" k) @+ TNaxD 090
with u < ¢ <t,Vt € (u,v]. Also
N-1
(l_u)ma . e (t_u)Na
”(’)_Zg) roma+ D u @ R Na+D
where R > (CDiV”‘M)(g”)‘.

Theorem 5.2. Suppose that D u(1) € C[0,7] (m=0,1,...,N), and R*# = Span{y/f;.ﬂ(t), j=1, ., 2% i=0,1, -, N-1} be the subspace of L*[0,n). If
the best approximation of u(t) is fi(t) from NP(t), therefore

s+i4oN
1 | —=2———
R R 77 peE+N) 1-26
| — a0l < T(Nat1) 2k (Y
o1 -28) (20—26))
Proof. Let (1) = Zf:;ol r(t(;;)f:) (°D™ ) (u), then from Theorem 5.1, we have
(I _ M)Nnt

lu@ = 3@ < RF(Na e

As, the best approximation of u(f) is A(f) = zf: D gﬁf y/f;f’(t) =b>PWSA (1) from R34(r), and $(r) € R¥P(¢), then

lu(®) = AN < lu@) = $O)11%,

R /” (t_u)a(a+%+21v)—1 s
< 1,
TN+ D2 0 -y — (1 = w1372

s+iq2N
2
R2 2542 ﬁl‘( 1-25 )

<
T T(Na+ 1))? 22ke@+Ng(1-25) ( 244N )

2(1-26)
or
s+iion
1 r 2
R R 3 ,Ia<5+N) 1-26
“ﬂ(t) - M(t)” < [(Na+ 1) 2ka(5+N) 244N :
a(l - 25)r(2(1725))

It depicts that error by SFGBW approach reduces while polynomial order increases, a N, or level of resolution, k, or both. []
6. Numerical simulation

Currently, we employ the suggested approach to address the four models obtained from equations (8), (13), (18) and (23) in Section 4, which
are based on the voltage source F(t). All the numerical simulations are performed in the MATLAB(R2022a) software.

Model 1: By taking the constant voltage source F (F=0) in the L C circuit Eq. (8) with parameters 6, 8, L, C, a. The exact solution to Eq. (8) at
a=2is given by

uO L = Hocos(rgh),

where y; =4/ L;’

Considering the values of =3, f=1.5, L =1, C =1, u, =0.01 in the proposed numerical approach (12), we conduct a numerical simulation of
the examined model and depict the results in Fig. 1 as illustrated below:

As we take a=2, Fig. 1(a) demonstrates that the current’s behavior with a fractional-order derivative closely resembles the exact solution.
Fig. 1(b) and Table 1 provide a comprehensive analysis of the error. The behavior of the approximate solutions for fractional order « = 1.80, 1.85,
1.90, 1.95, and 2 is graphically shown in Fig. 1(c).

Model 2: Considering the fractional model (13), with parameters §, §, R, C, a. In Model 2 Case 1, by taking the constant voltage source F (F =
0), the exact solution to Eq. (13) at «= 1 is given by

v(t) = vye ',

where y = ﬁ.



P. Yadav, S. Jahan and K.S. Nisar Ain Shams Engineering Journal 14 (2023) 102544

-3 -6
10 x1 i x10
Approximate| | e
9.5 Exact 4 "-.,...
25+ |
9r ] e,
85¢ 1 2t 1
. .,
£ Sas ,
O75f ] ]
o s
<
7+ ] 10 1
65 1
051 1
6F T T
55 . . . . 0 . . . . . . .
0 0.2 0.4 0.6 0.8 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
time time

Current

time

()

Fig. 1. LC circuit approximate solutions for different parameters.

Table 1

Absolute error of fractional LC, RC, R L models.
t Model 1 Model 2 Model 3 Case 1 Model 3 Case 2
0.1 2.8394e-06 9.6041e-05 6.7269e-03 2.3036e-03
0.2 2.7139e-06 9.4448e-05 2.0349e-03 7.5984e-04
0.3 2.5012e-06 9.2876e-05 2.4925e-03 4.3732e-04
0.4 2.2052e-06 9.1326e-05 1.5161e-03 1.0298e-04
0.5 1.8365e-06 8.9799e-05 7.8094e-04 2.8890e-05
0.6 1.4007e-06 8.8291e-05 3.5824e-04 5.0578e-05
0.7 9.0455e-07 8.6806e-05 1.6141e-04 3.8523e-05
0.8 3.7069e-07 8.5342e-05 6.8899¢-05 2.3099e-05
0.9 2.4410e-08 8.3897e-05 2.8411e-05 1.2538e-05

With parameters 6=3, f=1.5, R =10, C =1, v, = 20, numerical simulations are presented in Fig. 2 and Table 1 by applying the proposed
method.
In Model 2 Case 2, by taking the variant voltage source F (F = ¢7'¢), the exact solution to Eq. (13) at = 1 is given by

L
R
where y = ﬁ With parameters 6=3, f=1.5, R=5, C =2, v, =0.01, some simulations are provided through the Fig. 3 of this model (13).

Model 3: Considering the fractional model (18), with parameters 6, , R, L, «. In case 1 of model 3, by taking the constant voltage source F (F
= 10), the exact solution to Eq. (18) at « = 1 is given by

V) = (

+ VO) e~ At

v(t) = [vo - %] e+ %,
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Fig. 2. RC circuit case 1 approximate solutions for different parameters.
where p = %. With parameters 6=3, f=1.5, R=10, L =1, v, = 0.01, numerical simulations are presented in Fig. 4 and Table 1 by applying the
proposed method. It is clearly shown by the Figs. 4(d, e) that the length of conductor L or the resistance R leads to a decrease in the current by
increasing in their values.

In case 2 of model 3, by taking the variant voltage source F (F = ¢*"), the exact solution to Eq. (18) at « = 1 is given by
L
L
where p = %. With parameters 6=3, f=1.5, R =10, L =1, v, =0.01, numerical simulations are presented in Fig. 5 and Table 1 by applying the
proposed method.

v(t) = ( + v0> e,

10
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Fig. 3. RC circuit case 2 approximate solutions for different parameters.

Table 2

Approximate solutions CPU time(s) of LC, RC, RL and RL C models.
CPU Model 1 Model 2 Model 2 Model 3 Model 3 Model 4
time Case 1 Case 2 Case 1 Case 2
H 0.584 0.731 0.720 0.683 0.708 0.720

Model 4: Considering the fractional model (23), with parameters &, g, R, L, C, a. By taking the constant voltage source F (F = 0), the exact
solution to Eq. (18) at «= 1 is given by

/ 2
w(1) = vye ™2 cos< 0-— wT t) ,

where w = % and o= ﬁ. With parameters §=1.9, #=0.75, R =10, L =10, C =10, v, =0.01, numerical simulations are presented in Fig. 6 by
applying the proposed method.

We have examined the fractional LC, RC, RL, and R L C models and conducted numerical simulations to illustrate their behavior graphically.
It is evident that the approximate solutions are affected by the various values of « = 0.80, 0.85, 0.90, 0.95, and 1 (Figs. 1(c), 2(c), 3(b), 4(c), and
5(c)). The accuracy of our numerical approach is validated by evaluating the absolute error, as demonstrated in our results. In conclusion, we have
successfully implemented the proposed technique, resulting in an accurate representation of the physical behavior exhibited by the models (Table 2).

7. Conclusion

The paper introduces the SFGBW method, which offers enhanced efficiency and simplicity compared to existing solutions for approximating
solutions of fractional electrical circuits model (such as fractional LC, RC, RL, and RLC circuits). To support the proposed method, we have
derived and constructed the operational matrices of SFGWs, including "’,i{i and U%P¢ for fractional-order integration. These matrices play a crucial
role in solving the fractional electrical model.

By conducting numerical experiments and comparing the obtained results with exact solutions under various parameter values, we observed
a remarkable agreement with existing solutions. This demonstrates the effectiveness of the SFGBW method in efficiently addressing the models

11
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Fig. 4. RL circuit case 1 current vs time graphs.

08 09 1

considered and various related issues. Specifically, when the fractional order « is less than 1, the fractional differentiation with respect to time
signifies energy dissipation (internal friction) associated with the electrical circuits in fractal geometries.

The main findings of the study can be summarized as follows: The behavior of the current fractional-order model closely resembles the classical
case with a= 1 for RC, RL, and RLC (in Figs. 2(a), 3(a), 4(a), 5(a), and 6(a)) and a= 2 for LC circuit (in Fig. 1(a)). Additionally, an increase
in resistance (R) leads to a decrease in current, confirming the physical relationship between the two, and this is evident from Figs. 4 and 5.
Furthermore, by including additional terms from the solution’s series, the errors are reduced. Table 1 presents the absolute error up to eight orders
magnitude in model 1 and up to five orders of magnitude in model 2, model 3 case 1, and model 3 case 2. These comparisons highlight the stability

and effectiveness of the presented technique.

12
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Looking ahead, we anticipate that these numerical approaches will provide new insights into the application of FDEs. The obtained results can be
extended to the study of fractional linear electrical circuits, linear systems with disturbed parameters, and nonlinear electrical circuits. Moreover, in
case a new definition of fractional derivative emerges, we intend to apply the presented technique to solve similar models or those with analogous

characteristics.

The outcomes derived from this research can be extrapolated to encompass a wide range of applications, including the analysis of fractional
linear electrical circuits, linear systems with perturbed parameters, and nonlinear electrical circuits. Additionally, this approach can be applied to
the examination of electromagnetic transients within electrical systems, control theory, transmission lines, machine windings, and power electron-

ics.
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