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(Communicated by Xiaodong Liu)

ABSTRACT. In this article, our aim is to find some stability results for mixed
type cubic and quartic functional equations in fuzzy modular spaces using the
fundamental results of fixed-point theory. The fixed point method provides one
of the effective techniques that can be used to investigate the fuzzy stability of
a mixed type cubic and quartic functional equations.

1. Introduction. Applications of “stability theory of functional equations” for the
proof of "new fixed point theorems” with applications were provided by Isac and
Rassias [7] in 1996. Number of authors have investigated the stability problems of
several functional equations using fixed point method (see [2, 3, 21, 22, 35]).

Mixed type functional equation is defined as “single functional equation has more
than one behaviour”. The researchers in the field of mixed type functional equations
have obtained only few functional equations (see [5, 8, 14, 13, 22, 25, 26, 30, 33, 34]).

In 1940, Ulam [29] raised a question “Is there an exact homomorphism close to
approximate homomorphism?” and established the first stability problem. Hyers
[6] in Banach spaces provided the answer to this problem. Nakano [19] studied the
theory of modular linear spaces in 1950, since then this theory have been thoroughly
established by many authors, referred as Amemiya [1], Koshi [9], Luxemburg [15],
Mazur [17], Musielak [18], Orlicz [20], Rassias [24, 25], Turpin [28] and Yamamu
[34]. The theory of modular spaces is largely applicable in the Orlicz spaces [20]
and the theory of interpolation [9, 12]. The concept of fuzzy modular spaces was
introduced by Shen and Chen [27] in 2013. Kumam [11] and Wongkum et al. [31]
then introduced the fixed point concept in fuzzy modular spaces and obtained some
of its properties. Hyers-Ulam stability of sextic functional equation in fuzzy modular
spaces was scrutinized by Wongkum and Kumam [32]. Based on the notion of fuzzy
modular spaces, we investigate the general solution and Hyers-Ulam stability of
mixed type cubic and quartic functional equation

g(u+2v) + g(u — 2v) = 4(g(u +v) + g(u — v)) — 24g(v) — 6g(u) + 3g(2v) (1)

in fuzzy modular spaces which were introduced by Gordji et al. [11]. It is easy to
see that the function g(u) = au® + bu? is a solution of the functional equation (1).
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Primarily, we are going to introduce the definitions, notations and usual proper-
ties of the given spaces.

Definition 1.1. [12] “Let T be a linear space over a field K (R or C). For any
u,v € T, we says that a generalized functional p : T — [0,00) is a modular if u
satisfies
(My) p(u) =0 if and only if u = 0,
(Ms) p(auw) = p(u) for all scalars a with |a| = 1,
(M3) plau + bv) < p(u) + p(v) for all scalars a,b > 0 with a + b = 1.

If (M3) is replaced by
(My) plau + bv) < ap(u) + dbu(v) for all scalars a,b > 0 with a + b = 1, then
functional p is called a convex modular”.

“A modular p defines the following vector space

T,={ueT:plau) = 0asa— 0}

and T}, is a modular space”.

Definition 1.2. [27](Fuzzy modular space) Let p be a fuzzy set on S x R, T be
a complex or real vector space,a be a zero on T and * be a continuous triangular
norm. The triple (T, i, *) is said to be a fuzzy modular space and p is said to be a
fuzzy modular if it satisfies

(FMy) p(u,t’) >0

(FMs) p(u,t’) =1 if and only if u = «

(FMs) p(u,t’) = p(—u,t')

(FMy) (au+bvt—|—t)zu(u,t)*p(v,t’),a,bzO,a—I—b:1

(FMs) the function p(u,.) : (0,00) — (0, 1] is continuous.

Example 1.3. Let u be a Fuzzy set on S x BT, T be a complex or real vector space
and x be a continuous triangular norm in such a way that axb = axprb = min{a, b}.
Then (T, p, *) is a Fuzzy modular space.

Definition 1.4. [27] “Let (T, p,*) be a Fuzzy modular space and {u,} be a se-
quence in T. Then:

(1) {uq} is p—convergent to a point u and write u, — u if p(us —u) = 0 as @ — oo.
(2) {uq} is called Cauchy if for any € > 0, one has p(uq — ug) < € for sufficiently
large a, 8 € N, where N is the set of natural numbers.

(3) Every u— convergent sequence in an F'M— space is a u— Cauchy sequence. In
(T, , %), if each p— Cauchy sequence is u— convergent sequence , then (7', p, *) is
called a u— complete fuzzy modular space.”

Definition 1.5. [27] If u fulfills the property p(oau,t’) = u(u, Ialb) for some fixed

b € (0,1] and a nonzero real number «, then (7, i, *) is said to be a b—homogeneous
fuzzy modular space.

The definitions of cubic and quartic functional equations which are used by many
authors in our research. The function f(x) = 2® satisfies the functional equation
fRr+y)+ f2x —y) =2f(x+y) +2f(x —y) + 12f(x), which is thus called a
cubic functional equation. Every solution of the cubic functional equation is said
to be a cubic function. The function f(z) = z* satisfies the functional equation
flx+2y) + f(x—2y) =4[f(x +y) + f(x —y)] +24f(y) — 6f(x), which is called a
quartic functional equation and every solution of the quartic functional equation is
said to be a quartic function.
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In this article, we establish the stability results of mixed type cubic and quartic
functional equations which are explored forms of Wongkum et al. [31] by using the
fixed point method.

2. General solution. Throughout in this section S and T be real vector spaces.
In this section, we first prove two lemmas for the proof of our main theorem.

Lemma 2.1. If an even function g : S — T satisfies (1), then g is quartic.

Proof. Substituting v = v = 0 in (1), we obtain ¢g(0) = 0. Substituting « = 0 in
(1), evenness of g implies

9(2v) = 169(v) (2)
for all v € S. So (1) can be written as
g(u+2v) + g(u —2v) = 4(g(u +v) + g(u — v)) + 24g(v) — 6g(u). (3)
This shows that g is quartic function, which completes the proof of the theorem.
O

Lemma 2.2. If an odd function g : S — T satisfies (1), then g is cubic.

Proof. Substituting v = v = 0 in (1), we obtain g(0) = 0. Substituting v = 0 in
(1), oddness of g implies

9(2v) = 8g(v) (4)
for all v € S. So (1) can be written as
glu+ 2v) + g(u — 2v) = 4(g(u + v) + g(u — v)) + 24g(v) — 6g(u). (5)
Replacing v by u + v in (5), we have
g(u+3v) + g(u —v) = 4g(u + 2v) — 6g(u + v) + 4g(u). (6)
Substituting —v = v in (6) implies
9 — 30) + g{u+ v) = dg(u — 20) — 6g(u — v) + 4g(u). (7)

Now, we subtract (6) from (7) and get

g(u+3v) — g(u — 3v) = 4g(u + 2v) — 4g(u — 2v) — 5g(u + v) + 5g(u —v).  (8)
If we interchange u and v in (8) then we have

9(3u+v) + g(Bu —v) = 49(2u + v) + 49(2u — v) — 5g(u +v) — bg(u —v).  (9)

And replacing v = u + v in (5), we obtain

g(3u + 2v) — g(u + 2v) = 49(2u + v) — 4g(v) — 6g(u). (10)
In (10), if we put v = —v then we have
g(3u — 2v) — g(u — 2v) = 49(2u — v) + 4g(v) — 6g(u). (11)

Now, add (10) and (11), we obtain
9(3u + 2v) 4+ g(3u — 2v) =
49(2u 4+ v) + 49(2u — v) + g(u + 2v) + g(u — 2v) — 12g(u). (12)
Setting u = 2u in (8) and using (4), we obtain
9(2u + 3v) — g(2u — 3v) =
32g(u+v) — 32g(u — v) — 5g(2u + v) + 5g(2u — v). (13)
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Interchanging v and v in (13), gives

9(3u+2v) + g(3u — 2v) =
32g(u +v) + 32g(u — v) — 5g(u + 2v) — 5g(u — 2v). (14)

If we compare (12) and (14) and employ (5), we conclude that
g(2u +v) + g(2u — v) = 2g(u + v) + 2g(u — v) + 12g(u). (15)

This shows that g is cubic function, which completes the proof of the theorem. [

Theorem 2.3. A mapping g : S — T satisfies (1) for all u,v € S iff there exists
only a function G: S xS xS —T and a unique symmetric multiadditive function
G :SxSxS8%xS—T in such a way that g(u) = G(u,u,u) + G’ (u,u,u,u) for all
u € S and that G is symmetric for each fized one variable and is additive for fized
two variables.

Proof. Assume g satisfies (1). We break g into even and odd part by putting

1

ge(u) = %(Q(U) +9(-u)) and go(u) = 5(g(u) — g(~u)) (16)

for all u € S. By (1), we get

ge(u +20) + ge(u — 2v) =
1o+ 20) + g(—u = 20) + g(u — 20) + g(—u+20)] =
4(ge(u + v) + ge(u — v)) — 24ge(v) — 6ge(u) + 3ge(20) (17)

for all u,v € S. This shows that g. satisfies (1). Similarly we can prove that g,
satisfies (1). By lemmas (2) and (3), ¢g. and g, are quartic and cubic, respectively.
Thus there exists a unique mapping G : S x § x S — T and a unique symmetric
multiadditive function G’ : S x S xS xS — T in such a way that g. = G'(u, u, u, u)
and that g, = G(u,u,u) for all u € S and G is symmetric for each fixed one variable
and is additive for fixed two variables. Thus g(u) = G(u,u,u) + G'(u, u, u,u) for
all u € S. The proof of the converse is trivial. O

3. Stability of the mixed type cubic and quartic functional equations
in fuzzy modular spaces. In this section, we prove the stability of the mixed
type functional equations in fuzzy modular spaces for odd case by using fixed point
method. For a mapping g : S — (T, o, *), consider

Do(u,v) = g(u+20) + g(u = 20) = 4(g(u+v) = g(u —v)) + 24g(v) + 69(u) — 3g(2v)

Theorem 3.1. Let S be a vector space, T be a real linear space, (T, u,*) be a
p-complete b-homogeneous fuzzy modular space and v € {—1,1} be fized. Assume
that an odd mapping g : S — (T, o, *) satisfies

#(Do(u,v),t) = o(u, v, t') (18)
for allu,v € S and a given function o: S x S — A in such a way that
0(2°u, 2°v, 2% Lt") > p(u,v,t') (19)
and

limy 00 0(2%u, 200, 230" ) = 1 (20)
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for all u,v € S and a constant 0 < L < 2% Then there exists a unique cubic

mapping G : S — (T, u) satisfying (1) and
t/
o(G(u) — g(v)

7W) > 0(0,v,t"). (21)
Proof. Setting u = 0 in (18), we have

1(39(2v) — 24g(v), t') > 0(0,v,t') (22)
S0
2v
p(Z20 g 1) > of0.0.27), (23)
Changing v with 2~ 1v in (23), we get
g(2v) _ t/
M( 23 _9(2 11))’%)
_ Lt _
> 0(0,27 10, 2302°LL 1ﬁ) > 0(0,v, 2 L=1). (24)
Now from (23) and (24), we get
2¢ e—1
P20 (o)1) > 0,1 = 00,0, LF VL) (25)

23c
Assume R={f:S — (T,u) : f(0) =0} and define n on R as
n(f) =inf{m >0: o(f(v),mt") > ®(v,t')}.
It is easy to prove that n is modular on L and includes the Ay—condition with

2" = k and Fatou’s property. Moreover, L is n—complete(see[27]).
Let P: R, — R, be a function and defined as

G(2¢v)
923c
Let j,k € R,, and m > 0 be an arbitrary constant with n(j — k) < m. From the
definition of 7, we have u(f(v) — k(v),mt’) > ®(v,t’) and then

w(Pf(v) — Pk(v),Lmt)) = p(273¢f(2%) —273k(2%), Lmt)
= u(f(2%) — k(2%), 2% Lmt’)
> ®(2°, 2% Limt’)) > ®(v,t).
Hence n(Pf — Pk) < Ln(j — k), this implies that P is an n—strict contradiction.

P(G(v)) = VG € R,.

Changing v by 2% in (25), we get
220

p(22 g 1) 2 @) (26)

and therefore
‘u(272(3c)g(226,u) _ 27369(261])7 Lt,) — (27369(226,0) _ g(QC'U), 23bCLt/)
> (2,23 Lt") > ®(v,t'). (27)
Now
9(2%v) b
M(W —g(v),2°(Lt' +1))

9(2°v)  g(2v) 9(2°v)
22(36) - 235 7Lt/)/\M( 230 _g(v)7t/)

d(v,t). (28)

\%
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In (28) changing v by 2°v and 2°(Lt’ +t') by 20(+3¢) (L4 + L3t), we obtain

220
(92(2(3;))) —g(ch),23bc2b(L4t/ —|—L3tl))
> ®(2%0, 2Lt > ®(v,t'). (29)
Therefore
22¢ 2¢
(L2 S2 ) oe(pit 4 L) > @ 1), (30)
This means
230
u(% —g(v),2°(2X(L* + L3) + 1))
g9(2%v)  g(2%v) 9(2%v)
> 3@ gm0 (LM + L)) A p o ~ g(0),t')
> B(v,t’). (31)

Now, we generalizing the above inequality, we have

2Cl1} _ =1 -
u(igég(d)) —g(v), 2°L)' 7 22 (2P L) > B(v, 1) (32)
=1

where 1 is a positive integer. So we have

-1
n(Plg—g) < (2L)"' 42" (2°L)!
=1

-1
S 2b Z(QbL)i71
i=1
2b
< .
= 1_92f (33)

Now, It is easy to prove that {Plg} is n—convergent to G € R, (see[27]). There-
fore (34) becomes

n(G—yg) < % (34)
this means
WD) = g0), =t > B0, ) = 0(0,0,2BLF") (35)
and so,
H(G0) ~ 6(0), ) > (0,0, 1) (36)

23055 (1 — 20L)
and inequality (21) holds. One can easily prove the uniqueness of G (see [27]). O

In the next theorem, we prove the stability of the mixed type functional equations
in fuzzy modular spaces for even case by using fixed point method. For a mapping
g: S — (T, p,x*), consider

De(u,v) = g(u+2v) + g(u—2v) — 4(g(u +v) — g(u —v)) + 24g(v) + 6g(u) — 3g(2v)
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Theorem 3.2. : Let S be a vector space, T be a real linear space, (T, u,*) be a
u-complete b-homogeneous fuzzy modular space and v € {—1,1} be fixed. Assume
that an even mapping g : S — (T, o, *) satisfies

1#(De(u,v),t) = o(u, v, t) (37)
for all u,v € S and a given function ¢ : S x S — A in such a way that
0(2%u, 2°v, 28 Lt') > o(u,v,t') (38)
and
limy 00 0(2%u, 20w, 240" ) = 1 (39)

for all u,v € S and a constant 0 < L < Tib Then there exists a unique quartic
mapping G : S — (T, u) satisfying (1) and

o(Glw) - g(v) r

c—1

o4 5T (1 — 20L)
Proof. : Setting u = 0 in (37), we have

) = 0(0,v,1). (40)

11(g(2v) — 16g(v),t') = 0(0,v,t) (41)
S0
2v
n(Z2 4(0). 1) > 0,020, (12)
Changing v with 27 1v in (42), we get
g(2v) _ t/
H( 24 _9(2 11))’%)
_ Lt _
> (0,271,242 LL 1ﬁ) > 0(0,v,29°L71¢). (43)
Now from (42) and (43), we get
2¢ o
M(g(24cv) —g(v),t") > ®(v,t') = 0(0, v, 24bLTlt’). (44)

Assume R={f:S — (T,u) : f(0) =0} and define n on R as

n(f) =inf{m >0:o(f(v),mt') > ®(v,t')}.
It is easy to prove that n is modular on L and includes the Ay—condition with
2Y = k and Fatou’s property. Moreover, L is —complete(see[27]).
Let P: R, — R, be a function and defined as

G(2%)

24c

Let j,k € R, and m > 0 be an arbitrary constant with n(j — k) < m. From the
definition of 7, we have p(f(v) — k(v), mt’) > ®(v,t') and then

w(Pf(v) — Pk(v),Lmt)) = p2 % f(2%) —27*k(2°), Lmt")
w(f(2°0) — k(2°v), 2%%¢ Limt")
> ®(2%, 2% Lmt’) > O(v,t').

Hence n(Pf — Pk) < Ln(j — k), this implies that P is an n—strict contradiction.

Changing v by 2% in (44), we get

P(G(v)) = VG € R,

u(® (;Z”) ~g(20), ) > B(20, 1) (45)




8 JAGJEET JAKHAR, JYOTSANA JAKHAR AND RENU CHUGH

and therefore

M(2—2(4c)g(22cv) _ 2—4cg(2cv)7 Lt/) — (2—4cg(22cv) _ g(2cv), 24bth/)
> (2,24 Lt") > ®(v,t). (46)
Now
9(2%v) b
N(W —g(v),2°(Lt' + 1))

9(2*v)  g(2%v) 9(2°v)
Z K 22(4c) - 24c 7Lt/) A M( 94c o g(v), t/)
> B(v,t'). (47)

In (47), changing v by 2¢v and 2°(Lt' 4 t') by 2°0+4¢) (L4 4 [3t'), we obtain

230
,U/(g( U) 9(261}),24b62b(L4t/+L3t/))

22(4c)
> ®(2%,2%°Lt) > & (v, ). (48)
Therefore
g(23¢v)  g(2%
% 2(3(46)) — <24C ))(2C(L4t’ + L3t)) > ®(v,t'). (49)
This means
g 230,U
1 2(3(4c))’ —g(v),2°" (LM + L) + 1))
g(23<v)  g(2¢) g(2¢v)
= M( 23(4c) 9dc ’Qb(L4t/ + L3t/)) A M(W - Q(U)J/)
> (v, t). (50)

Now, we generalizing the above inequality, we have

-1

g(2clv) - _
#(Gaay — o), 2°D)7 T+ 20 Zl(?bL ) > @ (v, ') (51)
where [ is a positive integer. So we have
-1
n(Plg—g) < (2°L)"'+203 (2"L)!
i=1
-1 .
S 2b Z(2bL)’L—1
i=1
2b
S 1o 52
S 12 (52)

Now, It is easily to prove that {P'g} is n—convergent to G € R, (see[27]).
Therefore (34) becomes

2b
NG =9)< 17 (53)
this means
2b e—1
1(G(v) —g(v), mt/) > &(v,t') = 0(0,v,2" L= t') (54)
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and so,

t/
c—1

1(Gv) = g(v), 2405 (1 — 20L)

) = 0(0,v,t")

and inequality (40) holds. One can easily prove the uniqueness of G (see [27]). O
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