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Abstract

The three coupled KdV system is investigated for exact solutions and Painlevé analysis. Exact solutions
are examined through nonclassical symmetries via Bluman and Cole approach. Derived symmetries
are generalizations of earlier obtained symmetries of the considered system. There is power series
solution of the reduced ODEs of the examined system. Assuming the solutions in terms of Jacobi
elliptic functions, some new soliton solutions of the system under consideration are obtained. These
solutions are two-singular soliton, three-singular soliton, multi-soliton, multi-singular soliton,
combined soliton, bright solion, dark soliton, and bell shaped soliton solutions. Further, graphical
depiction of the exact solutions to the governing system. Using Kruskals method and symbolic
software Maple, it is verified that the system has Painlevé property that represents integrability of the
governing system.

1. Introduction

Nonlinear partial differential equations (NLPDEs) have great importance in investigating several physical
models in various disciplines of engineering, technology, and science. Lie classical method was firstly introduced
by Sophus Lie [1]. A suitable approach for obtaining invariant solutions of NLPDEs using classical symmetries of
NLPDE:s is the Lie classical method [2—4]. The KdV equation [5]

p, +6pp, +p,, =0, (1.1)

has been employed to depict the long wavelength and small amplitude of shallow water waves in fluids, where p
stands for the wave amplitude function for space and time coordinates y and ¢ respectively. Nonlinear waves in a
variety of physical fields including cosmic plasmas, oceans and planetary atmospheres have also been described
by KdV-type equations [6-8].

Several coupled KdV systems have been derived from the Neumann system, that describes a particle on an
N-dimensional sphere influenced by anisotropic harmonic quadratic potential [9, 10], where N is a natural
number. It has been claimed that the KdV and the Boussinesq hierarchy are related to the Neumann system
corrosive to the eigenvalue problems of the second and third orders, respectively [11, 12]. It has been considered
that the Neumann system's fourth-order eigenvalue problem [13] is as follows

[0 + q(y, 1)}, + 03q(y, 1) + L p(y, DD, + LOp(y, 1) + g(y> Dz (ys 1) = Vz(p, 1), (1.2)

where, L = /=1, 9 represents eigenvalue, z(y, t) represents eigenfunction of eigenvalue problem (1.2) on ¥.
The eigenvalue problem (1.2)'s non-constant potential functions are q(y, t), p(y, t), and g(, t), based on the
spatial coordinate y and temporal coordinate t. It has been established that the phase space of the Neumann
system corrosive to eigenvalue problem (1.2), which is limited to a particular invariant manifold of finite
dimensions, is analogous to a hierarchy of coupled KdV-type equations [13]. In such a hierarchy, the first
member is as follows:
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3 3 1 _
P+ 3Py = 399, t 3Py = 0,

3 3 1
a + 779, + 1% + 19, =0

3 3 1

=y = 3P — 5wy =0 (1.3)

The three coupled KdV system [14, 15] is an extension of the classical KdV equation, which is important for
studying nonlinear waves and solitons. Due to the existence of numerous interacting components, many real-
world systems cannot be adequately described by a single equation. As in fluid dynamics, you may have waves
moving through a medium where various wave types interact. The three coupled KdV system useful for
researchers across many fields because of its capacity to model intricate interactions, preserve integrability, and
provide insights into soliton dynamics. This system of equations has been discussed by many authors for group-
invariant solutions using symmetry reductions, conservation laws, and multi-soliton solutions by the Neumann
system. Du et al [ 14] obtained invariant solutions with the help of Lie classical approach and established the
system's nonlinear self-adjointness, which allowed them to present the conservation laws based on Lie point
symmetries. Zuo et al [15] applied the Neumann system for finding the multi-soliton solutions and analyzed that
the velocity and amplitude of each soliton remain invariant after the interaction, excluding phase transfer.
Solitons are more interesting and important [ 16] from physical point of view. Here, we were able to get the
generalized symmetries for system (1.3). Bluman and Cole propose the ‘method of conditional symmetry’, often
known as the nonclassical symmetry method, which yields more generalized symmetries than earlier
approaches. This technique makes use of invariant surface criteria in addition to Lie classical approach. This
method provides set of determined nonlinear equations. Therefore, solving these nonlinear equations is a
challenging undertaking. Numerous scholars [17-24] used this technique to solve different PDEs. As an instance
of derived nonclassical symmetries, the Lie classical symmetries are also obtained. Nonclassical symmetries
obtained in this study covers the classical symmetries of the considered system.

In mathematics and physics, it has long been an interesting and well-liked topic to find the exact solution of
NLPDEs. Over the last few decades, their is a great significance of directly searching for solutions to NLPDEs.
With computational tool like Maple and Matlab, we may now complete laborious and complex algebraic
computations. By taking into account any infinitesimal generator, the system of NLPDEs can be transformed
into a system of ordinary differential equations (ODEs), that can be solved using a variety of techniques,
including Sardar sub-equation method [25, 26], extended auxiliary equation method [27], Jacobi elliptic
function approach [28, 29], ansatz function approach [30], exponential rational function technique [31],
modified exp-function method [32, 33], extended hyperbolic function method [34], enhanced algebraic method
[35], unified solver method [36], Kudryashov approach [37], Fan sub-equation method [38], (G’ / G) expansion
method [39, 40], Bernoulli sub-equation function approach [41], etc. Research on solitons has grown in
importance across a wide range of disciplines, such as fluid dynamics [42], optical fiber [43], and plasma physics
[44]. In these domains, solitary waves are highly intriguing. The N-soliton solutions and intersoliton
interactions of NLPDE:s are obtained by applying Hirota bilinear method [45—48]. In order to investigate Hirota
condition for the (241) combined equation, Wang et al [49] obtained N-soliton solutions.

In the field of science and engineering, solitons are amazing phenomena. Though the medium they move
through usually tends to dissipate or disperse wave energy, they are recognizable wave-like frameworks that
maintain their configuration and propagate without altering or depleting energy. Solitons are widely useful and
have been discovered in many scientific and technical fields [50]. In nonlinear optics, solitons are used in optical
fiber communication systems [51]. Their ability to transmit data over long distances without distortion makes
them valuable for long distance optical communication [52]. In fluid dynamics, solitary waves can be viewed as
either lone water waves in canals or tsunamis. These waves can travel over great distances with little energy loss
[53]. Solitons can arise in plasmas [54] and essential for comprehending processes in space physics, fusion
research [55], and many other fields [56, 57].

Ifall of the discrete singularities in a system of PDEs are integrals, or the simple poles, then the system has
Painlevé property. The technique for analyzing the Painlevé property for PDEs was firstly proposed by Weiss et al
[58, 59]. The Painlevé analysis of the governing system is carried out by using symbolic computational tool
Maple and the Kruskal technique [60—63]. The Painlevé property provides information regarding the integrable
behavior of NLPDEs [64, 65].

Motivation behind this study is that Lie classical symmetries of the considered system are not much
generalized as compared to symmetries obtained by nonclassical approach. Further the integrable behavior of
this system is not investigated earlier. So to determine exact solutions of the considered system using
nonclassical approach and to study integrable behavior using Painlevé analysis, we have done this work. The
obtained Jacobi elliptic solutions corresponding to reduced ODEs are in positive as well as negative powers of s,
cnand dn functions, are not obtained so far and very rare in literature. Although, neither nonclassical
symmetries nor Painlevé analysis of the governing system (1.3) have been investigated, which represents novelty
of the work. Authenticity of the solutions are justified through symbolic computational tool Maple except power
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series solutions. Power series solutions are verified manually. This work is structured as follows. In section 2, we
perform symmetry analysis using nonclassical approach for system (1.3). In section 3, governing system is
transformed into system of ODEs and exact solutions in terms of Jacobi elliptic functions are obtained. Section 4
does the Painlevé analysis of the system under consideration. Section 5 includes discussion of results with
graphical interpretation. Conclusion is presented in section 6.

2. Nonclassical symmetries

Bluman and Cole [20] proposed the idea of nonclassical symmetry by analyzing the linear heat equation. The
idea behind this approach is to extend system (1.3) by adding surface conditions that should be invariant, that
are related to infinitesimal generator.

Assuming that the subsequent transformations in the Lie group are appropriate with the system (1.3)

y¥=y+wl(y t,p, g 1) + OW)>?
t*=t+wp(y, t, p, 4 1) + O(W),
pr=p+wny,tp,q 1)+ OW),
*F=q+wp(y, t,p, g, 1) + OW)?,
*=r+wb(y, t,p,q 1) + OW)? 2.1

where wis any constant, and the infinitesimals corresponding to y, t, p, gand rare &, p, n, ¢ and 1 respectively.
For equation (2.1), infinitesimal generator is given by

d d d d d
V=~§(+p=—+n—+ ¢p— + th—. 2.2
éay iy nap ¢8q war (2.2)

To determine nonclassical symmetries of governing system along with invariant surface condition, we utilize
Bluman and Cole approach [20]. Here, consider

= 3., _ 3 1 _
Si=p + 0y — 199+ ybyy =05

- 3 3 1 _
S2=q, + 719, + 141 + 149, =0,

3 3 1
3=T = 1y — P — gy = 0,

Sa=pp, + 8, —n=0,
Es=pq, +&q, — =0,
o= pni+ & — =0, 2.3)
where =1, =,, E; are equations of considered system, =, =5, and =4 represent invariance surface conditions.
Therefore, under the infinitesimal generator V, the considered system with invariant surface conditions should
be invariant. Here, we examine two instances. (i) p = 1, and (ii) p = 0.
Case(i) p=1
The invariant surface conditions in the above equation with p = 1 take the following forms
pt + gp}/ - 77 = O’
q, + &, — ¢ =0,
4+ &, — Y =0. (2.4)

(1]

Now, remove p,, g, and r, from =, =5, and =3 using equation (2.4).
3 3 1
1= &y 5P 399y Py =0,
3 3 1
¢ = 80, 4y {0 T 4y =0,
3 3 1
Y — &ry — AL By St 0. (2.5)
The following set of equations results by imposing the third prolongation to equation (2.5) and eliminating p,,,,.,
dyyy> and .
£,=0,6=0,6=0,¢, =0,
Mpp = 0510y, = 0,1, = 0, 1, = 0,
Gpg =09 =0, 6, =0,0,=0,

Uy = 0,1, = 0,4 =0, 4, =0,

ﬁ.*_sﬁ_&:()
2 4 4 i
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3(n,) 3(¢y)
B LI s
3, 3(9)9 3(¢))q
Tty Ry i,
(6§ —3r)¢ 3y
b+ = = =0,

3r(g,) 3q)
¢+ = +3E)o + —==0,

) 39,

n+3En+ —— - ——=0,
3Wy)r 3n
Y+ 3¢y - —— — =0 (2.6)
On solving the resulting determining equations, we acquire
c=2ta — —ta
T 3t+a’ T
_ —3q . —2r
¢_3t+u2’ w_ 3t4a,” (27)

In relation to these obtained infinitesimals, the infinitesimal generator is provided by

4 _3 _
(9+}/+611i+ p+a38+ qi—i— 2r 0

=— _ —. (2.8)
! ot 3t 4+ a, Oy 3t+ay, Op 3t + ay 0q 3t + a, Or
The above equation can also be written as
0 0 0 0 0
i=0Gt+a)—~+ @ +a)—+ (=4p+a)— + (=39 — + (=2r) . (2.9)
ot oy op 0q or
As per the Lie classical approach [14], the infinitesimals of system (1.3) are provided by
E=ay+ca p=3at+o,
n=—4ap + ¢, ¢ = —-3aq, Y= -2rq. (2.10)
For the previously obtained infinitesimals, the infinitesimal generator is provided by
0 0 0 0 0
i=0Cat+ o) — + (ay + a)— + (—4ap + 5)— + (=3aq) — + (=2re) —. (2.11)
ot dy aop 0q or
It is easy to comprehend that the infinitesimal generator in equation (2.11) that was obtained through the
classical approach is a particular instance of the infinitesimal generator in equation (2.9) with
Cy (%) C3
ag=—, )= —, d3 = —.
q q (6]
Case (il) p=0, {=1.
In this case, invariant surface conditions become
p=mn q=0¢ 1r,="1. (2.12)
The following system results from substituting the various derivatives of p, ¢, and r to zero.
np:0, nq:O, n, =0,
8, =0, ¢ =0, ¢, =0,
7/{9:0) wq:O’ ¢r:O’
g, + 2Oy XM ey % =0,
3(ny)r 3(0))q 3y 392 1
n S o
The following collection of infinitesimals are obtained after solving the above system
. _ _ _ 4
@ n=0, 6=0, v=1"0,
.. —4as
(i) n=ast+as, ¢=0, ¥= 3ast+ 3ag’
3 4 2 —4
(i) 0= (%ﬁf” + a9)(a7t +ag), ¢= T = R (2.14)

Symmetries obtained above are more generalized than the symmetries obtained in equation (2.10).
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3. Exact solutions using symmetry reductions

Using the determined infinitesimal generators from preceding section, the symmetry analysis of the system
under consideration is carried out here to obtain the reduced system of ODEs.
For V7, the Lagrange's equations are as follows

dt dy dp dg  dr

= = = = . (3.1)
3t+a y+a —4p+oa; —3q —2r
Following similarity variable and dependent variables were obtained by solving the above equations
_ 3tt+k _ ks P©®
= o PO =T o
_ _Q® _ RO
Q()” t) - (}’+ k1)3 > T(J’: t) - (y+ kl)z . (32)

where P(0), Q(0), and R(0) are functions of similarity variable . After replacing dependent variables and their
different derivatives from equation (3.2) in system (1.3), we get

—90P(0)R(0) + 4P(0) — 3840P(0) + 18Q(0)*> + 18Q(H)Q(H) — 12P(9)R(0)

—120P(0) — 2160%P(0) + 6°P () = 0,

—90Q(A)R(H) + 4Q(H) — 2760Q(0) — 15R(A) Q) — 99Q(H)R(H) — 60Q(H)

—18962Q(0) — 276°Q(6) = 0,

180R(0)R(0) + 8R(0) + 1860R(0) + 12R(0)* + 24R(0) + 180P(6)

+1626%R(0) + 24P (H) + 276°R(0) = 0. (3.3)

To obtain explicit solution in terms of power series for the above reduced system of ODEs, assume that P(6),
Q(0), and R(6) have the following particular forms

P©O) => a0, Q@O) => bo, RO =D ch (3.4)
¢=0 <=0 <=0
wherea,, b, c.for¢=0,1,2,... are the coefficients to be obtained. From equation (3.4), we have
PO = Z 07, Q) = Z b 07Y, R() = Z w07,
¢=0 =0 =0
P@O) =5 c(s— Dach2 Q) = (s — DbO2 RO = > s(c— D62,
=0 =0 s=0
P@O) =3 cc— D —2)a03 Q@O =D c(s— (s — 2)b 03,
=0 =0
RO =5 cc— (s — 26> (3.5)
¢=0

Considering equations (3.4), (3.5), equation (3.3) becomes

[o SIS o0 oo o <
=9 3 (s — Pacjcjbs + 4> (s + a0 — 384> qac b + 18 > be_b;0°

¢=0j=0 ¢=0 ¢=0 ¢=0j=0
e INe o0 ¢ o0 o0
—12> > T acjcis + 18D 0> (¢ + 1 — jbep1_jbj0c — 120> a b — 216Y (v — 1)a 6"
¢=0j=0 ¢=0j=0 <=0 <=0

+27) " c(s — D(s — a b =0,

=0
o0 ¢ [e¢} [ee} S
=9 N (S = Dbe—jci0° + 4Y (s + Db — 276 b 0 — 15% "> be_jcjf°
s=0j=0 =0 ¢=0 §=0j=0
o ¢ [ee] [ee] [ee]
=9 > (s — e jbiBs — 60) " b6 — 189) " <(s — b0 — 27) " <(s — 1)(s — 2)b.0° = 0,
¢=0j=0 ¢=0 s=0 ¢=0
[o' NS [ee} [oe] oo ¢
18 > (s — Pec—jci0° + 8> (s + Decyifs + 186Y | ccc0° + 12> " e jci0°
¢=0j=0 =0 <=0 ¢=0j=0
+24) 0+ 18> qachs + > achs + 162> <(c — Dech + 27y c(s — (s — e =0. (3.6
=0 =0 =0 =0 =0
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Substituting ¢ = 0 in equation (3.6), we have

4ay + 18b; — 12a9co + 18b1by — 120ay = 0,
4b1 — 15b0C0 — 60b0 =0,
8 + 12¢§ + 24co + 24a, = 0. (3.7)

On simplifying equation (3.7), we get
a = i(lZaoco — 18byby — b + 120ay),
b, = i(15b0c0 + 60by),
q= %(qzcg — 24cy — 24ay). (3.8)

For¢>1
S
= ﬁ[Z@(g — fac_jc; — 18b_jbj + 12a._jc; — 18(c + 1 — beiy1_ib})
j=0
+(384¢+ 120 + 2166(c — 1) — 27 ¢(c — (S — 2))a, ]
1 S
b1 = m[Z@@ - j)bc—jcj + 15b<—jCj +9(s — j)Cg—jbj)
j=0

+ (276 ¢+ 60 + (¢ — 1) + 27 ¢(c — D(s — 2))bg],

S
Cop1=— [Z(lS(g — Decjej + 12¢c_jcj) + (24 + 18 ¢)a;
j=0

1
8(s+1)
+ (186 ¢+ 24 + 162 6(c — 1) + 27 ¢(c — (s — 2))&]- (3.9

Upon replacing the values of a, by, ¢c; and a1, by 1, ¢y in equation (3.4), the derived solution of ODEs (3.3)
provided by

P(O) =ay + i(12a0c0 — 18[71170 — b02 + 120610)9
00 S

+ 3 s [ D06 = pacie - 18b by + 12006~ 186+ 1= Dby
0

46+ 1) | 4
s=0 j=

3846+ 120+ 2166( — 1) = 2765 — (s — 2)a [0,

Q(6) = by + +(15boco + 60by)0

0 S
2 4(<1+ 1)[2(9@ — Dbe_jcj + 15b_jc; + 9(s — j)ce—jb))
<=0 j=0

+ (276 ¢+ 60 4+ c(s — 1) + 27 s(s — 1)(s — 2))b, ]9”‘,

R(0) = co + 3(—12¢ — 24co — 24a0)0
o0 9
e +11>[ZO(18(< e+ 12cic) + (24 + 18 Oa
= j=
1 (1866 + 24 + 162 (s — 1) + 27 ¢(c — 1)(s — 2))c<]9<“. (3.10)

Further, Lagrange's equations for other derived infinitesimal generator are as follows

dt dy dp dq dr

= = — = — = —, 3.11
A o 0 0 0 11
New dependent variables and similarity variable are given by
0= X — put, p(y, 1) = P@O), q(y, t) = QO), r(y, t) = R(O). (3.12)
where P(0), Q(#), and R (0) are functions of similarity variable 6. After putting above equations in system (1.3),

we obtain
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4 DRE 000 NP,
_u0 + 3Aizg n 3A49R " %: 0,
—pR - PER 2P IR _, (3.13)

Let us now examine the particular solutions of equation (3.13) in terms of Jacobi elliptic functions.

PO) = ag + aisn(0, v) + asn*(0, v) +

a4
sn(0 v) sn2(6,v)
by

Q(0) = bo + bisn(8, v) + bysn*(0, v) + m(e o T w6

R(O) = co + asn(0, v) + osn’(0, v) +

Cq
5”(9 v) sn2(0,v)" (3.14)

By replacing these values of P(0), Q(0), and R(#) in equation (3.13), after comparing the like power of sn(6, v)
and interpreting the derived system of determining equations, we acquire

Case 1:

—6 Xco+4 XW? + 1)+ 3 by?

A=\ v=0v,pu= 2 0 i
v2hy? by?

ap = Ao, alzoi a) = )\241a3 0 a4:%)

by (> + 4 X°(1 + v?) — 4 Xecg)
by = ——- G Y by =0, by = v?by, by = 0, by = by,
Co = Cop» a=0,0=-2 )\27)2, C3:0, Cy = —2 )\2. (315)

By using equation (3.15) into equation (3.14), we have

b,?
Nsn2(6,v)°

20 2612(0. 1,
P(O) = ag + S0

Q(Q) _ 7b4(b42+4)\5(1+1)2)74)\460) + b Uzsnz(e ’U) +

4) sn2(0 v)’
9 \22ep2
RO) = ¢y — 2 Nvsn*(0, v) — sn2(9 o (3.16)
After changing the original variable back to above system, we determine the following solutions of the
considered system
. Vb2 ((\y — ut),v) b,?
P(}’: t)=ao+ X2 + Nsn?((\y — pt),v)°
b4 X0+ 0% — 4 Xe) 2 . by
q(y, t) = o + by (O — pn), v) + S
e N20,2652 _ _ 25
r(y, t) =co — 2 Xvsn((\y — ut), v) Oy )" (3.17)
Case 2:
b2
p=fs A=A v ="1v,0a0=dp a=0,a=0,a; =0, a4 =,
_ 2 3()\37,2 3
b = _ by(=3by +4A12(;\60 +4u+/\)>, by=0,by=0,bs =0, by = by,
2 30\3,,2 _ 3
o= b RO =0, 0= 0,0 =0, ¢; = —2X. (3.18)
By using equation (3.18) into equation (3.14), we have
PO)= a0+ 506 2(9 0’
_ bi(3b2 4NN+ 4+ V) by
Q(O) - 1206 + sn2(0,v)’
_ 34NN 24+ X)) 2N
R(©O) = oxt sn?(0,v)" (3.19)
After changing the original variable back to above system, we determine the following solutions of the
considered system
5 )= a9 +
Py O Nsn2 (O — i), )
(=3 b+ 4 X024+ 4+ X)) by
q(y’ t) - 1206 sn? (O — ut),v)’
_3bA ANV -2+ N) 22
T’(y, t) - o sn2(\y — pt),v)” (320)

In the similar way, the exact solutions can be derived using Jacobi ¢n and Jacobi dn functions.
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+ Jacobi cn type solutions:

_ o bar Oy — v b’ 1)
p(y’ t) = 4o A2 Nvten?(\y — pt), v) >

_ —by(8 Xv® — 4 Xou* + 4 Nuteg — by?) 2 . by(v? — 1)
q(y’ t) - 4)00° + bz o (()\y /Lt), U) + vZen?((\y — ut),v) >

N(w? —
r(y, £) = co + 2 Xv2en2((\y — pt), v) + % (3.21)

« Jacobi dn type solutions:

o . by%dn®((\y — pt),v) b2(v?*—1)
p(y, 1) =ag z Ndn*(\y — pt),v)’

_ by(4 v — 8 X5 — 4 Xieg + by?) 2 _ by(1 - v?)
gy, t) = v + by dn*(Qy — ), v) + 50— s

r(y, t) = co + 2 NXdn*((\y — ut), v) + % (3.22)

Various soliton solutions of governing system (1.3) represented by equations (3.17), (3.20), (3.21),and (3.22) in
terms of Jacobi elliptic functions.

Here, sn = JacobiSN(6,v), cn = JacobiCN(6,v), dn = JacobiDN(6,v), are the Jacobi elliptic functions with the
modulus 0 < v < 1.

+ Hyperbolic functions are degenerated, when v — 1 such as

sn(0, 1) = tanh(#), cn(f, 1) = sech(0), dn(f, 1) = sech(0).

In this case, there are various type of soliton solutions, such as singular, dark, bright, bell-shaped, etc.
* Trigonometric functions are degenerated, when v — 0 such as

sn(f, 0) = sin(0), cn(f, 0) = cos(#), dn(f, 0) = 1.

In this case, the solutions are periodic. If we choose value of v other than 0 and 1 then we have some different
type of soliton solutions.

Singular soliton type solutions are due to negative powers of Jacobi elliptic functions sn, cn and dn, as by
selecting some parameters which makes them zero in denominator.

4. Painlevé analysis

In order to verify whether the governing system exhibits integrable behavior, a Painlevé analysis is conducted on
system (1.3).

In the vicinity of the singular manifolds ¥(y, ) = 0, one can assume that the Laurent expansions of the p(y, 1),
q(y, t),and r(y, t) are

P ) =¥y, DI p, (v, DE(y, 1),

n=0

q(y, Y =[¥(y, D1 q,(n, DYy, 1),
n=0

r(y, ) =[¥(y, D> rly, HU(y), (4.1
n=0

where 8, 6, and 5 are integers and W(y, t) is an analytic function of (y, ). We formulate the following
assumption for the leading order analysis

(s 1) = py(y, HIT(y, DI,

q(, 1) = qo(y> D[¥(y, DI,

r(y, ) =n(y, [V (y, HI%. (4.2)

Putting above equations into considered system, and then balancing, we get the branch with leading order
analysis as follows

61 — —2, (52 - —2, (53 - —2,

[9,(» )
Po()’, t) = [\qp(yi 20 qo(}’, t) = qo()’, t)) 70()’, t) = _2[\:[/)/()/) t)]z) (43)
L(y, )]

where qo(, f) is any function.
The resonance points of this branch are now found by substituting the following expressions into system

(1.3)
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Py, 1) = py(y, DU 2+ p (3, )T,
q(y, 1) = qy(y, D2 + g, (y, ",

r(ys 1) =n(y, DU + r,(y, " (4.4)
Once the highest singular term is balanced, the obtained resonance points are as follows
s=-1,0,1,2,4,5,6. (4.5)
For the resonance found in equation (4.5), the Laurent expansion is
py,t) = % + % + 0, + ;¥ + p, V2 + p. U + p W,
A =35 + o+ dy + a3V + 4,0 + g, 0 + g,V
r(y, ) =5 + o+t V4 nl? 4 sl 4ol (4.6)

By substituting equation (4.6) into system (1.3) and applying the Kruskal method, we have

V=y—f(@®), p,=p,)s
94, = 4,(t), 1, =1(1), (4.7)
f(t) represents any function that depends on ¢.
The following coefficient functions are obtained by substituting equations (4.6) and (4.7) into system (1.3),
Po() = q,(1)%, qy(1) = q,(1), n(t) = -2,
Pl(t) - Pl(t), ql(t) =0, rl(t) =0,
qo([)z _ m

a,®°  4q,(Of (1)
pz(t) = Pz(t)> qz(t) = UT - Of) 1’2(1’) = 5 30
(H)q,@)? 2q,()qy(t) ap (Of (1)
p3(t) _ _h ;10 + qo 3% + Py 3f ,
P1(0)q, (1) 24 )4
gy (1) =2E00 2oy = B,
1 (D)o ()* p@®* P
p)y=——"— ===+ q,(0) = q,(0), n() =r
(1) = B ® | GWd® 84 f®) 8 (Dg,(0dy () 8pOf (10?
58V 32 2 9 9 9
i (t)p, (1) q,(1)q5(t) b, (1)
_h 41 9 25 + 23 , qS(t) :qS(t))
P 29,04 ap,(t)f f
rs(t) = _Pl(t)4qo(t) . qg(ta)qo(t) + pl(t;f(t) + 16];(t),
p.(H) = p.(t) g = 4’ 4 2f (Drs(£) gy (1) _ n®Way() q,(0q,(®)°
61"/ T Lol 6 8 3 16 4
£)q,(t £)d, (t 2q,(Of ¢ b (£)q, (t 24
7 )Zqo() + Pl(l);zo() + q4(3)f() - Pl(l)zqo() + %’ 16 () = 1(t). (4.8)

5. Discussion of results

In this work, the exact solutions of the examined system in terms of power series and Jacobi elliptic functions are
obtained using nonclassical symmetry analysis. Also we investigate about integrability through Painlevé analysis
using Kruskal approach. Using nonclassical approach, we get more generalized symmetries and obtained Jacobi
elliptic solutions in terms of sn, ¢n and dn. The obtained solutions have positive as well as negative powers of sn,
cnand dn functions, are not obtained so far and very rare in literature, Painlevé analysis has not yet done for the
considered system, which shows the novelty of this work. One of the great physical significance of the Painlevé
analysis is that it demonstrate the integrable behavior. In many disciplines, including mathematics, physics, and
engineering, Jacobi elliptic functions are crucial, especially those involving integrals and differential equations.
Their importance comes from their applications in complex analysis, specifically in the solution of differential
equations and integrals that are beyond the scope of conventional trigonometric and hyperbolic functions
techniques. The physical dynamics of systems in the real world can be best understood through visual
representation. So we will discuss about graphical behavior of the derived solutions. By selecting the appropriate
parameter values, we have created 3-D and contour plots. For
A=12,v=1ay=2,a,=1.6,a,=1.6,bp=2.6,b,=—15b,=— 1.5 u=1.7,60=0.6,c,=—2.9,c, = — 2.9,
figure 1 and figure 2 show 3-D and contour plots of three soliton, two-singular and multi-soliton solutions of p
o, 1), q(y, t) and r(y, t) respectively of equation (3.17). Forag = — 2.5, b, = 1.3, A\=2,v=1, u =1, Figures 5 and 4
show two-soliton, multi-soliton and combined soliton solutions of p(y, t), q(y, ) and r(y, t) respectively of
equation (3.20). Forap = —2.5,b, =32, \=2,v=1, ¢ = 1.5, u = — 5.7, figure 5 and figure 6 display 3-D and
contour plots of dark, bright, and bell shaped soliton solutions of p(, 1), q(y, ) and r(, t) respectively of
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(a) p(y,t)

(b) q(y,1)

Figure 1. 3-D plots of three-singular soliton, two-singular and multi-soliton solutions of p(y, 1), q(y, t) and r(y, t) respectively of
equation (3.17)with A=1.2,v=1,a0=2,a,=1.6,a,=1.6,by=2.6,b, = — 1.5,b, = — 1.5, 4 =1.7,¢0=0.6,c, = — 2.9, ¢, = — 2.9.

(c) r(y 1)
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(a) p(y, t) (b) aly,1) (c) r(y, 1)
Figure 2. Contour plots of three-singular soliton, two-singular and multi-soliton solutions of p(y, t), q(y, t) and r(y, t) respectively of
equation (3.17)with A=1.2,v=1,a0=2,a,=1.6,a,=1.6,bp=2.6,b, = — 1.5,b, = — 1.5, u=1.7,¢0= 0.6, c, = — 2.9, ¢, = — 2.9.

1. x 107
8. x 10°*
6. x 10°

4.% 104

3
2. % 10°%

Figure 3. 3-D plots of two-singular soliton, multi-singular soliton and combined soliton solutions of p(, t), q(y, t) and r(y, t)
respectively of equation (3.20) withag = — 2.5, b, = 1.3, \=2,v=1,u=1.

(c) r(y,1)

equation (3.21). Singular soliton type solutions are due to negative powers of Jacobi elliptic functions as by
choosing some parameter values which makes them zero in denomenator. In the similar way, we can plot 3-D
and contour plots for equation (3.22). Solitons have been used to investigate numerous significant real-world
issues in domains like nonlinear optics, fluid dynamics, plasma, molecular biology, and astrophysics. Today, due
to the vast potential applications of solitons in information and communications technology make them one of
the most active research topics. A continuous background field with localized areas of decreased and increased
amplitude are represented by dark and bright soliton solutions respectively. Bell shaped soliton solutions are
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(a) p(y,t) (b) q(y,1) (c) r(y,t)

Figure 4. Contour plots of two-singular soliton, multi-singular soliton and combined soliton solutions of p(y, 1), q(y, t) and r(y, t)
respectively of equation (3.20) withag = — 2.5, b, = 1.3, A\=2,v=1,u=1.

(a) p(y,t) (b) q(y,t) (c) r(y,t)

Figure 5. 3-D plots of dark, bright and bell-shaped soliton solutions of p(, t), q(y, t) and r(y, t) respectively of equation (3.21) with
ag=—25,b,=32,A=2,v=1,¢g=1.5,u=—5.7.

(a) p(y,t) (b) q(y,1) (c) r(y,1)

Figure 6. Contour plots of dark, bright and bell-shaped soliton solutions of p(y, 1), q(y, t) and r(y, t) respectively of equation (3.21) with
ag=—25,b,=32,A=2,v=1,¢=1.5pu=—57.

distinct from both dark and bright solitons, their bell-curve-like smooth, symmetrical, and usually peaked shape
distinguishes them as a unique class of localized waveforms Singular soliton solutions are a particular kind of
localized wave solution that has a singularity, which allows for the infinite value of some physical quantities (such
as energy or amplitude) at a particular location in space or time. Multiple solitons coexisting and interacting in
nonlinear systems are represented by multi-soliton solutions. Configurations in which various soliton types,
such as dark and singular solitons, coexist and interact within the same system are referred to combined soliton
solutions in nonlinear wave equations.
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6. Conclusion

Nonclassical symmetries, reductions, and power series solutions that correspond to three coupled KdV system
have been obtained and the exact solutions of governing system (1.3) in terms of Jacobi elliptic functions are
determined. In one instance, the obtained infinitesimals exhibited more generalized symmetries than the
classical one. Next, for some infinitesimals, the system under consideration is transformed into system of ODEs.
The derived solutions exhibit the characteristics of various soliton solutions like two-singular soliton, three-
singular soliton, combined soliton, bright, dark, bell shaped, multi-singular soliton and multi-soliton solutions.
In mathematical physics and nonlinear dynamics, singular soliton solutions are fascinating objects having
numerous applications in various fields such as plasma physics, fluid dynamics, optics, mathematical biology,
etc. The self-focusing of laser beams, where the equilibrium between dispersion and nonlinearity results in stable
pulse formations, can be modeled by singular solitons in nonlinear optics. Models of biological populations
where singular behaviors result from nonlocal interactions or rapid changes, like in disease transmission or
predator-prey dynamics, can make use of them. In section 4, we demonstrated the Painlevé integrability of
system (1.3) by applying the Kruskal approach. The findings of this study clearly demonstrated that the
nonclassical symmetry analysis and Kruskal method are useful tool that can be used to construct optical solitons
and integrable behavior of the considered system. The obtained Jacobi elliptic solutions that correspond to
reduced ODEs are in both positive and negative powers of the su, cn, and dn functions. These solutions have not
yet been obtained and are extremely uncommon in the literature. However, the work's novelty lies in the fact
that neither nonclassical symmetries nor Painlevé analysis of the governing system (1.3) have been explored. In
section 5, the results are discussed and presented with 3-D and contour plots. In future research directions, there
is a possibility of examining approximate symmetries, nonclassical potential symmetries of three-coupled KdV
system, which could produce more generalized symmetries. These generalized symmetries can then help make
further reductions and make it possible to find new solutions related to these reductions. There is a possibility of
examining space-time fractional three-coupled KdV system using symmetry analysis and other analytical
techniques.
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