
Vol.:(0123456789)

Quality & Quantity (2025) 59:2707–2731
https://doi.org/10.1007/s11135-025-02096-9

Logarithmic imputation techniques for temporal surveys: 
a memory‑based approach explored through simulation 
and real‑life applications

Anoop Kumar1 · Shashi Bhushan2

Accepted: 10 February 2025 / Published online: 26 February 2025 
© The Author(s), under exclusive licence to Springer Nature B.V. 2025

Abstract
This research introduces memory-based logarithmic imputation techniques and the result-
ing estimators to address missing data within the temporal surveys. The mean square error 
of the resulting memory type estimators is reported to the first order approximation and the 
efficiency conditions are obtained by comparing the properties of the proposed and adapted 
imputation methods. The study contains a comprehensive simulation study to evaluate the 
performance of the resulting estimators under various conditions, providing insights into 
their applicability. Furthermore, the proposed methods are also illustrated through some 
real-life applications. The findings of simulation and real data application demonstrate the 
effectiveness of the memory type logarithmic imputation methods, providing insights into 
its application across different survey contexts and highlighting its potential to enhance 
data completeness and reliability in temporal survey analysis.

Keywords  Exponentially weighted moving average · Memory type ratio and product 
imputation methods · Mean square error · Relative efficiency

Mathematics Subject Classification  62D10 · 62D05

1  Introduction

In sample surveys, missing data is a ubiquitous challenge experienced in several research 
areas, spanning from biomedical sciences to social sciences and beyond. It refers to the 
missing values in a dataset that are expected to be recorded or collected. The prevalence 
of missing data may compromise the validity and integrity of analyses, potentially leading 
to biased results and erroneous inferences. Therefore, understanding the nature of missing 
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data, its causes, and its implications is important for the survey practitioners aiming to 
obtain accurate and reliable findings.

Missing data can manifest in several forms, including missing completely at random 
(MCAR), missing at random (MAR), and missing not at random (MNAR). MCAR indi-
cates that the probability of a data point being missing is unrelated to both observed 
and unobserved data. MAR implies that the probability of missingness may depend on 
observed data but not on unobserved data. MNAR indicates that the probability of miss-
ingness depends on unobserved data, leading to the potential biases in analyses. Research-
ers consider a range of strategies to address missing data including imputation meth-
ods. Imputation methods involve estimating missing values based on observed data with 
methods, namely, mean imputation, ratio imputation, power ratio imputation, regression 
imputation, exponential imputation, and compromised imputation commonly used. For 
more detailed study about various imputation methods, reader may refer to Rubin (1976), 
Heitjan and Basu (1996), Al-Omari and Bouza (2015), Bhushan and Pandey (2018), Bhat-
tacharyya et al. (2021), Bhushan et al. (2023a, 2023b), Prasad and Yadav (2023), Shahzad 
et al. (2022), Bhushan and Kumar (2023, 2024), Pandey et al. (2021, 2024), Alomair and 
Shahzad (2023), and Yadav and Prasad (2024).

Consider a finite population P = {P1,P2, ...,PN} of size N from which a random sample 
s = {p1, p2, ..., pn} of size n is selected utilizing simple random sampling without replace-
ment scheme to estimate the population mean Ȳ  of study variable y. Let yi and xi denote the 
study variable y and auxiliary variable x for the ith unit of a finite population of size N. Let 
r represent the number of responding units among the sampled n units, and R and R̄ repre-
sent the set of responding and non-responding units, respectively. The unit yi is observed 
if i ∈ R , while unobserved/missing if i ∈ R̄ and imputed values are computed. We suppose 
that the imputation is performed with the addition of an auxiliary variable x, such that the 
ith unit of the variable x, i.e., xi is known and positive for every i ∈ s = R ∪ R̄ . In other 
words, the data on xs = {xi ∶ i ∈ s} are known. Let X̄ =

∑N

i=1
xi∕N and Ȳ =

∑N

i=1
yi∕N 

be the population means of the auxiliary variable x and the study variable y, respec-
tively. Similarly, let S2

x
=
∑N

i=1
(xi − X̄)2∕(N − 1) and S2

y
=
∑N

i=1
(yi − Ȳ)2∕(N − 1) be the 

population variances of the auxiliary variable x and the study variable y, respectively. Let 
x̄n =

∑n

i=1
xi∕n be the sample mean of the auxiliary variable x based on sample size n. 

Also, let x̄r =
∑r

i=1
xi∕r and ȳr =

∑r

i=1
yi∕r be the response means of the auxiliary vari-

able x and the study variable y, respectively. Further, let Cx = Sx∕X̄ and Cy = Sy∕Ȳ  be the 
population coefficients of variation of the auxiliary variable x and the study variable y, 
respectively. Moreover, let �xy be the population correlation coefficient between the vari-
ables x and y.

The auxiliary information plays an important role throughout various domains like 
experimental design, statistical modelling, and survey sampling. In essence, auxiliary data 
serves as a valuable tool to enhance the accuracy, efficiency, and interpretation of statisti-
cal estimates. This additional information may originate from diverse sources like expert 
opinions, population-based surveys, census data, and assumptions regarding demographic 
parameters. In the presence of auxiliary data, we categories the imputation methods in the 
following schemes.

Scheme I If X̄ is available and x̄n is used.
Scheme II If X̄ is available and x̄r is used.
Scheme III If X̄ is not available and ( ̄xn , x̄r ) are used.
When there is a positive correlation between the supplementary variable x and the main 

variable y, the ratio imputations provide accurate results. Utilizing the notations given in 
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Lee et al. (1994), the classical ratio imputation methods (CRIMs) and the resulting classi-
cal ratio estimators (CREs) under the above schemes are given in Table 1.

The logarithmic imputation methods (LIMs) and the resulting logarithmic estimators 
(LEs) under the schemes I–III are given in Table 2.

Searls (1964) demonstrated that multiplying a tuning constant in the estimator enhance 
its efficiency. With this approach, Bhushan et al. (2023a) suggested Searls type logarithmic 
imputation methods (SLIMs) and the resulting Searls type logarithmic estimators (SLEs) 
under the schemes I–III are given in Table 3.

The mean square error (MSE) of the resulting CREs, LEs, and SLEs is given in Appen-
dix A for ready reference.

Table 1   CRIMs and CREs under 
schemes I–III

Schemes CRIMs Resulting CREs

I
y.jr1

=

{
yj for j ∈ R
1

n−r

[
nȳr

X̄

x̄n
− rȳr

]
for j ∈ R̄

tr1 = ȳr
X̄

x̄n

II
y.jr2

=

{
yj for j ∈ R
1

n−r

[
nȳr

X̄

x̄r
− rȳr

]
for j ∈ R̄

tr2 = ȳr
X̄

x̄r

III
y.jr3

=

{
yj for j ∈ R
1

n−r

[
nȳr

x̄n

x̄r
− rȳr

]
for j ∈ R̄

tr3 = ȳr
x̄n

x̄r

Table 2   LIMs and LEs under schemes I–III

 �
1
 , �

2
 , and �

3
 are suitably chosen scalars which are given in Appendix A

Schemes LIMs Resulting LEs

I
y.jl1

=

{
yj for j ∈ R

1

n−r

[
nȳr

{
1 + log

(
x̄n

X̄

)}𝜑1

− rȳr

]
for j ∈ R̄

tl1 = ȳr

{
1 + log

(
x̄n

X̄

)}𝜑1

II
y.jl2

=

{
yj for j ∈ R

1

n−r

[
nȳr

{
1 + log

(
x̄r

X̄

)}𝜑2

− rȳr

]
for j ∈ R̄

tl2 = ȳr

{
1 + log

(
x̄r

X̄

)}𝜑2

III
y.jl3

=

{
yj for j ∈ R

1

n−r

[
nȳr

{
1 + log

(
x̄r

x̄n

)}𝜑3

− rȳr

]
for j ∈ R̄

tl3 = ȳr

{
1 + log

(
x̄r

x̄n

)}𝜑3

Table 3   SLIMs and SLEs under schemes I–III

 �
1
 , �

2
 , and �

3
 are suitably chosen scalars which are given in Appendix A

Schemes SLIMs Resulting SLEs

I
y.jsl1

=

{
yj for j ∈ R

1

n−r

[
n𝛬1ȳr

{
1 + log

(
x̄n

X̄

)}𝜑1

− rȳr

]
for j ∈ R̄

tsl1 = 𝛬1ȳr

{
1 + log

(
x̄n

X̄

)}𝜑1

II
y.jsl2

=

{
yj for j ∈ R

1

n−r

[
n𝛬2ȳr

{
1 + log

(
x̄r

X̄

)}𝜑2

− rȳr

]
for j ∈ R̄

tsl2 = 𝛬2ȳr

{
1 + log

(
x̄r

X̄

)}𝜑2

III
y.jsl3

=

{
yj for j ∈ R

1

n−r

[
n𝛬3ȳr

{
1 + log

(
x̄r

x̄n

)}𝜑3

− rȳr

]
for j ∈ R̄

tsl3 = 𝛬3ȳr

{
1 + log

(
x̄r

x̄n

)}𝜑3
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It is well-established that the efficient utilization of auxiliary information reduces the vari-
ance or mean square error of the estimators. It is common practice to obtain the study and aux-
iliary variables by utilizing just the current sample yt at time t. However, the performance of 
the estimator may also be enhanced by utilizing data from past and more current samples, such 
as ȳt−1 from time t − 1 , ȳt−2 − 1 from time t − 2 , and so on. It is typically necessary when con-
ducting surveys over a specific time period such as a quarterly, monthly, or yearly period. Very 
limited studies are available in the literature for the estimation of parameters utilizing EWMA 
statistics. Memory type ratio and product estimators for the population mean by employing 
EWMA statistics have been proposed under simple random sampling (SRS) by Noor-ul-Amin 
(2021), under stratified random sampling by Aslam et al. (2020), under ranked set sampling by 
Aslam et al. (2023). However, utilizing the EWMA statistic, Bhushan et al. (2023c) proposed 
memory type logarithmic estimators of population mean. Sharma et al. (2024) introduced an 
estimation procedures for population mean using EWMA for time scaled survey. Furthermore, 
Qureshi et  al. (2024) used EWMA statistics and suggested memory type ratio and product 
estimators for population variance. Kumar et al. (2024) suggested general class of memory 
type estimators for population variance using EWMA statistics.

Temporal surveys play an important role in capturing dynamic trends and changes over 
time, providing valuable insights into evolving phenomena. Several studies have underscored 
the prevalence of missing data in temporal surveys, attributing it to various factors such as 
participant attrition, intermittent responses, and changes in survey structures over time. Tra-
ditional imputation methods, including mean imputation, regression imputation, and multi-
ple imputation, have been widely employed to address missing data in surveys. While these 
methods offer practical solutions, their limitations in capturing temporal dependencies and 
nonlinear patterns in the data have spurred the exploration of more advanced techniques. The 
incorporation of memory mechanisms in imputation models has shown promise in address-
ing missingness in time-series data. Memory-based imputation methods consider the temporal 
sequence of observations, acknowledging that missing values may be influenced by past data 
points. However, the memory-based imputation methods in the context of temporal surveys 
still an underexplored area.

Despite the progress in imputation methods for classical surveys, there exists a notable 
research gap in the exploration of imputation techniques for the temporal surveys. This study 
is motivated by the need to bridge this gap, introducing the memory-based logarithmic impu-
tation methods and the resulting estimators, which leverage the temporal patterns and rela-
tionships within the data. Unlike traditional imputation methods, these methods draw upon 
memory mechanisms to intelligently impute missing values, taking into account the past sur-
vey data.

Below is the design of the remaining content: Sect. 2 outlines the EWMA statistics with 
the notations. Section 3 provides the proposed memory type imputation techniques and result-
ing estimators, including their characteristics. In Sect. 4, these characteristics are compared 
with those of the traditional imputation techniques. Section 5 presents an extensive simulation 
study. Real data application of the suggested memory type imputation techniques is provided 
in Sect. 6. The discussion of results of the simulation and real data applications is given in 
Sect. 7. Lastly, Sect. 8 provides the conclusion.
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2 � EWMA statistics and some adapted memory type imputation 
methods

The EWMA is a statistical method utilized for characterizing or modelling time series 
data. In finance sector, it finds thorough application, especially in volatility modelling 
and technical analysis. The essence of EWMA lies in its moving average construction, 
where older data points are assigned less weights. The term “exponentially weighted” 
signifies that these weights reduce exponentially with each additional data point. The 
initial decision facing EWMA users is parameter selection as it determines the impor-
tance of the current observation in the computation. A higher parametric value results in 
greater precision in tracking the original time series utilizing EWMA.

Robert (1959) originally developed the idea of the EWMA statistic as a means to effi-
ciently distinguish shifts in the mean of elementary processes within statistical quality 
control charts. By mixing past data with current data, the EWMA statistic enhances the 
accuracy of population parameter estimates. The EWMA statistics of variables (y, x) for 
t > 1 are given below:

The smoothing constant � signifies the weight allocated to the data. With a higher � , 
greater weight is assigned to the current observation, reducing the influence of past obser-
vations. Conversely, smaller values of � amplify the importance of past observations, while 
reducing the impact of the current one. Typically, 0 ≤ � ≤ 1 , denotes the degree of weight 
applied. When � equals 1, all current data receive full weight, rendering the EWMA sta-
tistic equivalent to the standard sample mean. The index ‘t’ represents the  time and Zt−1 
denotes the previous information. Additionally, the initial values of Qt and Zt are consid-
ered based on the expected mean deduced from pilot surveys. It is observed that the statis-
tics ( Zt , Qt ) are unbiased estimators for the population means ( ̄Y  , X̄).

The corresponding imputed EWMA-based sample mean estimators for the missing 
data in the variables (y, x) for t > 1 are as follows:

Furthermore, the non-imputed sample means of variables (y, x) consisting of EWMA are:

Regarding EWMA statistics, the imputation methods are categorized into the following 
schemes.

Scheme I If X̄ is available and Qtn is used.
Scheme II If X̄ is available and Qtr is used.
Scheme III If X̄ is not available and ( Qtn , and Qtr ) are used.
Under the above schemes, we prescribe some memory type ratio imputation methods 

(MTRIMs) and the corresponding resulting memory type ratio estimators (MTREs) in 
Table 4.

 The superscript m used in the imputation methods and the resulting estimators refers 
the “memory type imputation methods and the resultant memory type estimators”.

Zt = 𝜅ȳ + (1 − 𝜅)Zt−1

and Qt = 𝜅x̄ + (1 − 𝜅)Qt−1.

Ztr = 𝜅ȳr + (1 − 𝜅)Ztr−1

and Qtr = 𝜅x̄r + (1 − 𝜅)Qtr−1.

Ztn = 𝜅ȳn + (1 − 𝜅)Ztn−1

and Qtn = 𝜅x̄n + (1 − 𝜅)Qtn−1.



2712	 A. Kumar, S. Bhushan 

Theorem 2.1  The MSEs of the resultant MTREs are given to the first order of approxima-
tion as

where � =
�

(2−�)
 , �r =

(
1

r
−

1

N

)
 , �n =

(
1

n
−

1

N

)
 , and �rn =

(
1

r
−

1

n

)
.

Proof  To find out the mean square error of the resultant estimators, let us define 
some error terms as e0 = (Ztr − Ȳ)∕Ȳ  , e1 = (Qtr − X̄)∕X̄ , and e2 = (Qtn − X̄)∕X̄ such 
that E(e0) = E(e1) = E(e2) = 0 , E(e2

0
) = �r�C2

y
 , E(e2

1
) = �r�C2

x
 , E(e2

2
) = �n�C2

x
 , 

E(e0e1) = �r��xyCxCy , E(e0e2) = �n��xyCxCy , E(e1e2) = �n�C2
x
.

Consider the MTRE under Scheme I as

Employing the notation defined in Section 2, we write tm
r1

 as

Utilizing Taylor’s series expansion, we get

Multiplying and neglecting the error terms of right-side having power more than 2, we get

(2.1)MSE(tm
r1
) = Ȳ2𝛷(𝜆rC

2
y
+ 𝜆nC

2
x
− 2𝜆n𝜌xyCxCy)

(2.2)MSE(tm
r2
) = Ȳ2𝛷𝜆r(C

2
y
+ C2

x
− 2𝜌xyCxCy)

(2.3)MSE(tm
r3
) = Ȳ2𝛷(𝜆rC

2
y
+ 𝜆rnC

2
x
− 2𝜆rn𝜌xyCxCy)

(2.4)tm
r1
= Ztr

X̄

Qtn

tm
r1
= Ȳ(1 + e0)

X̄

X̄(1 + e2)

= Ȳ(1 + e0)(1 + e2)
−1

= Ȳ(1 + e0)(1 − e2 + e2
2
− ...)

(2.5)tm
r1
= Ȳ(1 + e0 − e2 − e0e2 + e2

2
)

Table 4   MTRIMs and MTREs under schemes I–III

Schemes MTRIMs Resulting MTRE

I
ym
.jr1

=

{
Ztj for j ∈ R
1

n−r

(
nZtr

X̄

Qtn

− rZtr

)
for j ∈ R̄

tm
r1
= Ztr

X̄

Qtn

II
ym
.jr2

=

{
Ztj for j ∈ R
1

n−r

(
nZtr

X̄

Qtr

− rZtr

)
for j ∈ R̄

tm
r2
= Ztr

X̄

Qtr

III
ym
.jr3

=

{
Ztj for j ∈ R
1

n−r

(
nZtr

Qtn

Qtr

− rZtr

)
for j ∈ R̄

tm
r3
= Ztr

Qtn

Qtr
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Subtract Ȳ  on both sides of (2.5), we get

Square and employ “Expectation” on both sides of (2.6), we get

As above, the MSE of the MTREs tm
r2

 and tm
r3

 can be obtained. 	�  ◻

We prescribe some memory type logarithmic imputation methods (MTLIMs) and 
the resultant memory type logarithmic estimators (MTLEs) under the above schemes in 
Table 5:

Theorem 2.2  The minimum MSEs of the resultant MTLEs tm
li
, i = 1, 2, 3 under schemes I–

III are given to the first order of approximation as

Proof  Consider the MTLE tm
l1

 under scheme I as

Employing the earlier notation, the MTLE tm
l1

 may be written as

(2.6)tm
r1
− Ȳ = Ȳ(e0 − e2 − e0e2 + e2

2
)

MSE(tm
r1
) = Ȳ2𝛷(𝜆rC

2
y
+ 𝜆nC

2
x
− 2𝜆n𝜌xyCxCy)

min.MSE(tm
l1
) = Ȳ2𝛷C2

y
(𝜆r − 𝜆n𝜌

2
xy
),

min.MSE(tm
l2
) = Ȳ2𝛷𝜆rC

2
y
(1 − 𝜌2

xy
),

and min.MSE(tm
l3
) = Ȳ2𝛷𝜆rC

2
y
+ Ȳ2𝛷𝜆rnC

2
y
(1 − 𝜌2

xy
).

(2.7)tm
l1
= Ztr

{
1 + log

(
Qtn

X̄

)}𝛱1

.

Table 5   MTLIMs and MTLEs under schemes I–III

 �
1
 , �

2
 , and �

3
 are suitably chosen scalars which are determined later in the proof of Theorem 2.2

Schemes MTLIMs Resulting MTLEs

I

ym
.jl1

=

⎧⎪⎨⎪⎩

Ztj for j ∈ R

1

n−r

�
nZtr

�
1 + log

�
Qtn

X̄

��𝛱1

− rZtr

�
for j ∈ R̄

tm
l1
= Ztr

{
1 + log

(
Qtn

X̄

)}𝛱1

II

ym
.jl2

=

⎧⎪⎨⎪⎩

Ztj for j ∈ R

1

n−r

�
nZtr

�
1 + log

�
Qtr

X̄

��𝛱2

− rZtr

�
for j ∈ R̄

tm
l2
= Ztr

{
1 + log

(
Qtr

X̄

)}𝛱2

III

ym
.jl3

=

⎧⎪⎨⎪⎩

Ztj for j ∈ R

1

n−r

�
nZtr

�
1 + log

�
Qtr

Qtn

��𝛱3

− rZtr

�
for j ∈ R̄

tm
l3
= Ztr

{
1 + log

(
Qtr

Qtn

)}�3
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Multiplying and neglecting the error terms of right-side having power more than 2, we get

Subtract Ȳ  on both sides of (2.8), we get

Square and employ “Expectation” on both sides of (2.9), we get

Minimizing (2.10) with respect to (w.r.t.) �1 , we get

Replacing �1 with �1(opt) in (2.10), we get

As above, the minimum MSE of the MTLEs tm
l2

 and tm
l3

 may be obtained. 	�  ◻

3 � Proposed memory type imputation methods

Memory type imputation methods consist of techniques where missing values are replaced 
with values from neighbouring time points or observations. These methods usually use 
past or current data to estimate the missing values, thereby leveraging temporal or spatial 
relationships within the dataset. We propose the memory type Searls logarithmic impu-
tation methods (MTSLIMs) and the resultant memory type Searls logarithmic estimators 
(MTSLEs) under the schemes I–III in Table 6.

 �i, i = 1, 2, 3 are suitably chosen scalars to optimize the MSE.

Remark 3.1  The computational complexity of the solution for memory-type Searls logarith-
mic imputation methods depends on the specific algorithm and implementation used. Typi-
cally, such methods involve iterative optimization or approximation techniques, depending 
on the sparsity of the data and the dimensionality. As for an algorithm, while there is not a 
standardized algorithm specifically termed for memory-type Searls logarithmic imputation, 

tm
l1
= Ȳ(1 + e0)

{
1 + log

(
X̄(1 + e2)

X̄

)}𝛱1

,

= Ȳ(1 + e0)
{
1 + log(1 + e2)

}𝛱1 ,

= Ȳ(1 + e0)

{
1 +

(
e2 −

e2
2

2
+ ...

)}𝛱1

.

(2.8)tm
l1
= Ȳ

(
1 + e0 +𝛱1e2 −𝛱1e

2
2
+

𝛱2
1

2
e2
2
+𝛱1e0e2

)
.

(2.9)tm
l1
− Ȳ = Ȳ

(
e0 +𝛱1e2 −𝛱1e

2
2
+

𝛱2
1

2
e2
2
+𝛱1e0e2

)
.

(2.10)MSE(tm
l1
) = Ȳ2𝛷(𝜆rC

2
y
+𝛱2

1
𝜆nC

2
x
− 2𝛱1𝜆n𝜌xyCxCy).

�1(opt) = −�xy
Cy

Cx
.

(2.11)min.MSE(tm
l1
) = Ȳ2𝛷C2

y
(𝜆r − 𝜆n𝜌

2
xy
).
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these methods often utilize logarithmic transformations combined with advanced optimi-
zation approaches. Employing existing imputation frameworks to logarithmic transforma-
tions is a feasible strategy to achieve such implementations.

Theorem 3.1  The minimum MSE of the resultant MTSLEs tm
sli
, i = 1, 2, 3 under schemes I–

III is given as

where C1 = 1 +��rC
2
y
+ 2�1(�1 − 1)��nC

2
x
+ 4�1��n�xyCxCy , D1 = 1 +

(
�2

1

2
−�1

)
 

��nC
2
x
+�1��n�xyCxCy , C2 = 1 +��rC

2
y
+ 2�2(�2 − 1)��rC

2
x
+ 4�2��r�xyCxCy,

D2 = 1 +
(

�2
2

2
−�2

)
��rC

2
x
+�2��r�xyCxCy   , 

C3 = 1 +��rC
2
y
+ 2�3(�3 − 1)��rnC

2
x
+ 4�3��rn�xyCxCy , and D3 = 1 +

(

�2
3
2

−�3

)

��rnC2
x +�3��rn�xyCxCy

.

Proof  Consider the MTSLE tm
sl1

 under scheme I as

Employing the earlier notation, the MTSLE tm
sl1

 may be written as

min.MSE(tm
sli
) = Ȳ2

(
1 −

D2
i

Ci

)

(3.1)tm
sl1

= 𝛬1Ztr

{
1 + log

(
Qtn

X̄

)}𝛱1

.

Table 6   MTSLIMs and MTSLEs under schemes I–III

Schemes MTSLIMs Resulting MTSLEs

I

ym
.jsl1

=

⎧⎪⎨⎪⎩

Ztj for j ∈ R

1

n−r

�
n𝛬1Ztr

�
1 + log

�
Qtn

X̄

��𝛱1

− rZtr

�
for j ∈ R̄

tm
sl1

= 𝛬1Ztr

{
1 + log

(
Qtn

X̄

)}𝛱1

II

ym
.jsl2

=

⎧⎪⎨⎪⎩

Ztj for j ∈ R

1

n−r

�
n𝛬2Ztr

�
1 + log

�
Qtr

X̄

��𝛱2

− rZtr

�
for j ∈ R̄

tm
sl2

= 𝛬2Ztr

{
1 + log

(
Qtr

X̄

)}𝛱2

III

ym
.jsl3

=

⎧⎪⎨⎪⎩

Ztj for j ∈ R

1

n−r

�
n𝛬3Ztr

�
1 + log

�
Qtr

Qtn

��𝛱3

− rZtr

�
for j ∈ R̄

tm
sl3

= �3Ztr

{
1 + log

(
Qtr

Qtn

)}�3
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Multiplying and neglecting the error terms of right-side having power more than 2, we get

Subtract Ȳ  on both sides of (3.2), we get

Square and employ “Expectation” on both sides of (3.3), we get

where C1 = 1 +��rC
2
y
+ 2�1(�1 − 1)��nC

2
x
+ 4�1��n�xyCxCy and 

D1 = 1 +
(

�2
1

2
−�1

)
 ��nC

2
x
+�1��n�xyCxCy.

Minimizing (3.4) w.r.t. �1 , we get

Replacing �1 with �1(opt) in (3.4), we get

As above, the minimum MSE of the MTSLEs tm
sl2

 and tm
sl3

 may be obtained. In general, the 
minimum MSE of MTSLEs tm

sli
, i = 1, 2, 3 is given below for ready reference.

 	�  ◻

Remark 3.2  It is to be noted that the simultaneous optimization of �i, i = 1, 2, 3 and 
�i is not possible. Therefore, the optimum values of �i may be obtained by putting 

tm
sl1

= 𝛬1Ȳ(1 + e0)

{
1 + log

(
X̄(1 + e2)

X̄

)}𝛱1

,

= 𝛬1Ȳ(1 + e0)
{
1 + log(1 + e2)

}𝛱1 ,

= 𝛬1Ȳ(1 + e0)

{
1 +

(
e2 −

e2
2

2
+ ...

)}𝛱1

.

(3.2)tm
sl1

= 𝛬1Ȳ

(
1 + e0 +𝛱1e2 −𝛱1e

2
2
+

𝛱2
1

2
e2
2
+𝛱1e0e2

)
.

(3.3)t
m

sl
1

− Ȳ = Ȳ

{
𝛬

1

(
1 + e

0
+𝛱

1
e
2
−𝛱

1
e
2

2
+

𝛱2

1

2
e
2

2
+𝛱

1
e
0
e
2

)
− 1

}
.

(3.4)

MSE(tm
sl1
) = Ȳ2

⎡
⎢⎢⎣
1 + 𝛬2

1

�
1 +𝛷𝜆rC

2
y
+ 2𝛱1(𝛱1 − 1)𝛷𝜆nC

2
x
+ 4𝛱1𝛷𝜆n𝜌xyCxCy

�

−2𝛬1

�
1 +

�
𝛱2

1

2
−𝛱1

�
𝛷𝜆nC

2
x
+𝛱1𝛷𝜆n𝜌xyCxCy

�
⎤
⎥⎥⎦
,

= Ȳ2(1 + 𝛬2
1
C1 − 2𝛬1D1).

�1(opt) =
D1

C1

.

(3.5)min.MSE(tm
sl1
) = Ȳ2

(
1 −

D2
1

C1

)
.

(3.6)min.MSE(tm
sli
) = Ȳ2

(
1 −

D2
i

Ci

)
.
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�i = 1, i = 1, 2, 3 in the respective MTSLEs and minimizing their MSEs wrt �i . The opti-
mum value of �i is given below for ready reference.

4 � Efficiency criteria

In this part, the MTSLIMs are compared with the corresponding CRIMs, LIMs, SLIMs, 
MTRIMs, and MTLIMs under schemes I–III.

∙ Comparison of MTSLIMs with CRIMs

	 (i).	 The MTSLEs tm
sli
, i = 1, 2, 3 outperform the CREs tri under schemes I–III, if 

∙ Comparison of MTSLIMs with LIMs

	 (i).	 The MTSLE tm
sl1

 outperforms the LE tl1 under scheme I, if 

	 (ii).	 The MTSLE tm
sl2

 outperforms the LE tl2 under scheme II, if 

	(iii).	 The MTSLE tm
sl3

 outperforms the LE tl3 under scheme III, if 

∙ Comparison of MTSLIMs with SLIMs

	 (i).	 The MTSLEs tm
sli
, i = 1, 2, 3 outperform the SLEs tsli under schemes I–III, if 

∙ Comparison of MTSLIMs with MTRIMs

	 (i).	 The MTSLEs tm
sli
, i = 1, 2, 3 outperform the MTREs tm

ri
 under schemes I–III, if 

∙ Comparison of MTSLIMs with MTLIMs

�i(opt) = −�xy
Cy

Cx

.

MSE(tri ) > MSE(tm
sli
) ⟹

D2
i

Ci

> 1 − 𝜆rC
2
y
− 𝜆nC

2
x
+ 2𝜆n𝜌xyCxCy.

MSE(tl1 ) > MSE(tm
sl1
) ⟹

D2
1

C1

> 1 − C2
y
(𝜆r − 𝜆n𝜌

2
xy
).

MSE(tl2 ) > MSE(tm
sl2
) ⟹

D2
2

C2

> 1 − C2
y
𝜆r(1 − 𝜌2

xy
).

MSE(tl3 ) > MSE(tm
sl3
) ⟹

D2
3

C3

> 1 − 𝜆rC
2
y
+ 𝜆rnC

2
y
(1 − 𝜌2

xy
).

MSE(tsli ) > MSE(tm
sli
) ⟹

D2
i

Ci

>
B2
i

Ai

MSE(tm
ri
) > MSE(tm

sli
) ⟹

D2
i

Ci

> 1 −𝛷C2
y
(𝜆r − 𝜆n𝜌

2
xy
).
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	 (i).	 The MTSLE tm
sl1

 outperforms the MTLE tm
l1

 under scheme I, if 

	 (ii).	 The MTSLE tm
sl2

 outperforms the MTLE tm
l2

 under scheme II, if 

	(iii).	 The MTSLE tm
sl3

 outperforms the MTLE tm
l3

 under scheme III, if 

In these conditions, the proposed MTSLIMs outperform to their conventional counterparts 
under schemes I–III.

5 � Simulation study

A simulation study is critical for evaluating the performance of statistical approaches in 
controlled environments. It allows researchers to assess robustness, efficiency, and accu-
racy across different scenarios. Simulation study gives insights into shortcomings and 
strengths of the techniques, driving future advancements and applications. Additionally, 
it helps validate theoretical findings and ensure reliability before deployment in practical 
contexts.

In this section, the proposed MTSLIMs are compared to the current traditional and 
memory type imputation methods using a simulation study. In the process of simulation 
study, employ R software to produce a population of size N=1000 from bivariate normal 
distribution using parameters given as X̄ = 15 , Ȳ = 10 , �x = 7 , �y = 5 , and several amounts 
of �xy=0.1, 0.5, and 0.9. Additionally, consider several values of smoothing constant � = 
0.1, 0.5, and 0.9. A total of 15,000 samples are generated with sizes n=10 having respond-
ing units (8, 9), n=100 having responding units (80, 90), and n=300 having responding 
units (280, 290). The total 15,000 values are computed for each estimator taken into con-
sideration in this research using the samples that were previously selected. Each estimator’s 
MSE and RE are calculated using (5.1) and (5.2), respectively.

Consisting of simulation with 15,000 iterations, the MSE and RE are calculated, respec-
tively by employing the under mentioned equations:

where tk = tri i = 1, 2, 3, tli , tsli , t
m
ri
, tm
li

 , and tm
sli

.
The simulation findings are given in Tables 7 and 8, respectively.

MSE(tm
l1
) > MSE(tm

sl1
) ⟹

D2
1

C1

> 1 −𝛷C2
y
(𝜆r − 𝜆n𝜌

2
xy
).

MSE(tm
l2
) > MSE(tm

sl2
) ⟹

D2
2

C2

> 1 −𝛷C2
y
𝜆r(1 − 𝜌2

xy
).

MSE(tm
l3
) > MSE(tm

sl3
) ⟹

D2
3

C3

> 1 −𝛷𝜆rC
2
y
−𝛷𝜆rnC

2
y
(1 − 𝜌2

xy
).

(5.1)MSE(tk) =
1

15, 000

15,000∑
k=1

(tk − Ȳ)2

(5.2)and RE(tk) =
MSE(tri )

MSE(tk)
,
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6 � Real data illustrations

To support the practical execution of the proposed imputation methods and resultant esti-
mations, we have conducted an empirical illustration. This is based on analyzing two care-
fully selected populations. The assessment and final findings depend on MSE and RE. 
Descriptions of both populations are described below:

∙ Population 1.
The population referenced is taken from Singh (2003), spanning pages 1116-1118. It 

consists of data on fish caught by marine recreational fishermen categorized by species 
group and year along with the Atlantic and Gulf coasts during 1992 to 1995. In this popu-
lation, the amount of fish caught in 1995 denotes as the study variable, whereas the amount 
caught in 1994 denotes as an auxiliary variable. The characteristics of this population are 
as follows: N = 69 , n = 25 , r = 20 , � = 0.2 , X̄ = 4954.435 , Ȳ = 4514.899 , S2

x
= 49829270 , 

S2
y
= 37199578 , �xy = 0.9601.
∙ Population 2.
The population is sourced from Singh (2003),  page 1113. It relies on a hypothetical 

scenario of a small village with only 30 old persons (aged over 50 years). In this con-
text, the duration of sleep (in minutes) is taken as the study variable, whereas the age (in 
years) of the persons is taken as an auxiliary variable. The characteristics of this popula-
tion are as follows: N = 69 , n = 10 , r = 8 , � = 0.3 , X̄ = 67.267 , Ȳ = 384.2 S2

x
= 85.237 , 

S2
y
= 3582.58 , �xy = −0.8552.
In survey sampling, density and box plots are important for analyzing the distribution of 

study and auxiliary variables. Density plots reveal probability distributions, central tenden-
cies, and anomalies, while box plots summarize key statistics like the median and outliers. 
These tools help identify variability, trends, and relationships, supporting better sampling 
design, modelling, and imputation. Therefore, to have better understanding about the data 
sets, the density and boxplots of the study and auxiliary variables of both populations are 
presented from Figs. 1, 2, 3 and 4, respectively.

The findings of the estimators for these populations are given in Table  9 in terms of 
MSE and RE.

7 � Discussion of results

The important findings of the simulation study and real data illustrations are described 
below. 
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Fig. 1   The density plots for the a study variable and b supplementary variable of population 1
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1.	 From the simulation results reported in Table 7, it is seen that:

•	 The MSEs of the proposed MTSLEs tm
sli
, i = 1, 2, 3 are least in comparison to the 

CREs tri , LEs tli , SLEs tsli , MTREs tm
ri

 , and MTLEs tm
li

 under schemes I, II, and III. 
For example, under scheme I, at �xy = 0.1 , n = 10 , r = 8 , and � = 0.1 , MSE of the 
CRE tr1 is 5.3366, MSE of the LE tl1 is 2.7495, MSE of the SLE tsl1 is 2.6471, MSE 
of the MTRE tm

r1
 is 0.2809, MSE of the MTLE tm

l1
 is 0.1447, MSE of the MTSLE tm

sl1
 

is 0.1444. This shows that the MTSLE tm
sl1

 is more efficient than the existing estima-
tors. Also, the proposed MTSLE tm

sl1
 outperforms for other values of smoothing con-

stant � = 0.5, 0.9 . Moreover, the similar tendency in the results can also be 
observed from the schemes II and III.

•	 The MSEs of the proposed MTSLEs tm
sli
, i = 1, 2, 3 decrease as the correlation coef-

ficient �xy values vary from 0.1 to 0.9. Consequently, the supplemental information 
increases the estimators’ efficiency. For example, under scheme I, at n = 300 , 
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Fig. 2   The boxplots for the c study variable and d supplementary variable of population 1
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r = 280 , and � = 0.1, the MSE values of the proposed MTSLE tm
sl1

 are 0.0032 and 
0.0008 for �xy = 0.1 , 0.9, respectively. The similar tendency in the MSE values can 
be viewed from schemes II and III.

•	 For each constant value of the correlation coefficient �xy , the MSEs of the suggested 
MTSLEs tm

sli
, i = 1, 2, 3 decrease as sample size n increases from 10 to 300. This 

demonstrates that the suggested MTSLEs tm
sli
, i = 1, 2, 3 are superior than the CREs 

tri , LEs tli , SLEs tsli , MTREs tm
ri

 , and MTLEs tm
li

 under each scheme, even when utiliz-
ing varied sample sizes.

2.	 From the simulation results reported in Table 8, it is seen that:

•	 The REs of the proposed MTSLEs tm
sli
, i = 1, 2, 3 are maximum in comparison to the 

CREs tri , LEs tli , SLEs tsli , MTREs tm
ri

 , and MTLEs tm
li

 under schemes I, II, and III. 
For example, under scheme I, at �xy = 0.1 , n = 10 , r = 8 , and � = 0.1 , RE of the 
CRE tr1 is 0.5849, RE of the LE tl1 is 1.1352, RE of the SLE tsl1 is 1.1791, RE of the 
MTRE tm

r1
 is 11.1123, RE of the MTLE tm

l1
 is 21.5682, and RE of the MTSLE tm

sl1
 is 

21.6129. This shows that the MTSLE tm
sl1

 is more efficient than the existing estima-
tors. The proposed MTSLE tm

sl1
 outperforms for other values of smoothing constant 

� = 0.5, 0.9 . Moreover, the similar tendency in the results can also be observed 
from the schemes II and III.

•	 The REs of the proposed MTSLEs tm
sli
, i = 1, 2, 3 increase as the correlation coeffi-

cient �xy values vary from 0.1 to 0.9 under schemes I, II, and III. As a result, the 
auxiliary information increases the estimators’ efficiency. For example, under 

Table 9   MSE and RE of the 
conventional and memory 
type estimators utilizing real 
populations

 Schemes Estimators Population 1 Population 2

MSE RE MSE RE

Scheme I ȳ 1320855 1.00 328.80 1.00
tr1 454694.80 2.90 873.55 0.37
tl1 446204.10 2.96 153.91 2.13
tsl1 403222.60 3.27 153.82 2.14
tm
r1

50521.65 26.14 154.15 2.13
tm
l1

49578.24 26.64 27.16 12.10
tm
sl1

49013.33 26.94 27.15 12.11
Scheme II tr2 115120.80 11.47 1077.84 0.30

tl2 103301.40 12.78 88.32 3.72
tsl2 71754.92 18.40 87.79 3.74
tm
r2

12791.20 103.26 190.20 1.72
tm
l2

11477.93 115.07 15.58 21.09
tm
sl2

11062.19 119.40 15.57 21.11
Scheme III tr3 981280.60 1.34 533.08 0.61

tl3 977951.80 1.35 263.21 1.24
tsl3 913654.2 1.44 263.03 1.25
tm
r3

150364.00 8.78 109.89 2.99
tm
l3

149994.20 8.80 62.27 5.27
tm
sl3

107819.80 12.25 46.44 7.07
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scheme I, at n = 300 , r = 280 , and � = 0.1, the RE values of the proposed MTSLE 
tm
sl1

 are 19.1099 and 70.5570 for �xy = 0.1 , 0.9, respectively. The similar tendency in 
the RE values can be viewed from schemes II and III.

•	 For higher value of the correlation coefficient �xy , the REs of the suggested MTSLEs 
increase as sample size n increases from 10 to 300. This demonstrates that the sug-
gested MTSLEs are superior than the CREs, LEs, SLEs, MTREs, and MTLEs under 
each scheme, even when utilizing varied sample sizes.

3.	 From the simulation results of Tables 7 and 8, it is also observed that:

•	 The results of the MTSLEs are improved in terms of minimum MSE and maximum 
RE as the amount of the smoothing constant � increases, which is employed to give 
weight to the previous and current observations.

•	 Furthermore, when � rises, the information that is being processed now is given 
greater weight than information that is previously known, which raises the MSE and 
reduces the RE of memory-based estimators.

4.	 From the results of real data illustration reported in Tables 9, it is observed that:

•	 In population 1, the proposed MTSLIMs and the resultant MTSLEs tm
sli
, i = 1, 2, 3 

under all schemes outperform the CRIMs, LIMs, SLIMs, MTRIMs, MTLIMs and 
the corresponding resultant CREs tri , i = 1, 2, 3 , LEs tli , SLEs tsli , MTREs tm

ri
 , and 

MTLEs tm
sli

 , respectively. For example, in scheme I, the MSE(tm
sl1
) = 49013.33 which 

is less than the MSE(tr1 ) = 1320855 , MSE(tl1 ) = 454694.80 , MSE(tsl1 ) = 403222.60 , 
MSE(tm

r1
) = 50521.65 , and MSE(tm

l1
) = 49578.24 , while the RE(tm

sl1
) = 26.94 which 

is greater than the RE(tr1 ) = 2.90 , RE(tl1 ) = 2.96 , RE(tsl1 ) = 3.27 , RE(tm
r1
) = 26.14 , 

and RE(tm
l1
) = 26.64.

•	 In population 2, the proposed MTSLIMs and the resultant MTSLEs tm
sli
, i = 1, 2, 3 

under all schemes outperform the CRIMs, LIMs, SLIMs, MTRIMs, MTLIMs and 
the corresponding resultant CREs tri , i = 1, 2, 3 , LEs tli , SLEs tsli , MTREs tm

ri
 , and 

MTLEs tm
sli

 . For example, in scheme I, the MSE(tm
sl1
) = 27.15 which is less than the 

MSE(tr1 ) = 873.55 , MSE(tl1 ) = 153.91 , MSE(tsl1 ) = 153.82 , MSE(tm
r1
) = 154.15 , and 

MSE(tm
l1
) = 27.16 , while the RE(tm

sl1
) = 12.11 which is greater than the 

RE(tr1 ) = 0.37 , RE(tl1 ) = 2.13 , RE(tsl1 ) = 2.14 , RE(tm
r1
) = 2.13 , and RE(tm

l1
) = 12.10.

•	 The performance of the proposed MTSLIMs and the resultant MTSLEs is best in 
scheme II as compare to scheme I and scheme III in both the populations.

8 � Conclusion

In temporal surveys based on missing data, maximizing the effectiveness of resultant esti-
mators necessitates the simultaneous consideration of past and current sample data. To 
address this challenge, the author employs the EWMA statistic and proposed MTSLIMs 
alongside their resultant MTSLEs for estimating population means in the presence of miss-
ing data under SRS. The MSE of the resultant MTSLEs is approximated to the first order.

A comprehensive comparison is provided between the performance of the proposed 
MTSLIMs and the conventional imputation methods. This comparison is further substantiated 
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by an extensive simulation study performed in R software. The simulation results demon-
strated that the proposed MTSLEs outperform the CREs, LEs, SLEs, MTREs, and MTLEs 
in terms of lesser MSE and higher RE for suitably chosen values of correlation coefficient 
�xy , sample size n, responding unit r, and smoothing constant � under schemes I, II, and III. 
Moreover, the efficiency of the proposed methods is illustrated through the applications to 
real populations. The findings of the real data illustration underscore the supremacy of the 
proposed MTSLEs over their conventional counterparts in terms of minimum MSE and maxi-
mum RE under schemes I, II, and III.

Therefore, the proposed MTSLIMs and the corresponding resultant MTSLEs emerge as 
viable options for estimating the population mean in the presence of missing data in temporal 
surveys. Future research endeavours may explore MTSLIMs and the corresponding MTSLEs 
beyond SRS, including stratified random sampling, ranked set sampling, stratified ranked set 
sampling, etc.

Appendix A

This section provides the MSE and optimum values of scalars of the resultant estimators dis-
cussed in Sect. 1.

The optimum values of scalars �i, i = 1, 2, 3 and �i are given below.

where

MSE(tr1 ) = Ȳ2(𝜆rC
2
y
+ 𝜆nC

2
x
− 2𝜆n𝜌xyCxCy)

MSE(tr2 ) = Ȳ2𝜆r(C
2
y
+ C2

x
− 2𝜌xyCxCy)

MSE(tr3 ) = Ȳ2(𝜆rC
2
y
+ 𝜆rnC

2
x
− 2𝜆rn𝜌xyCxCy)

min.MSE(tl1 ) = Ȳ2C2
y
(𝜆r − 𝜆n𝜌

2
xy
)

min.MSE(tl2 ) = Ȳ2C2
y
𝜆r(1 − 𝜌2

xy
)

min.MSE(tl3 ) = 𝜆nȲ
2C2

y
+ 𝜆rnȲ

2C2
y
(1 − 𝜌2

xy
)

min.MSE(tsli ) = Ȳ2

(
1 −

B2
i

Ai

)
, i = 1, 2, 3

�i(opt) = �xy

Cy

Cx

and �i(opt) =
Bi

Ai

A1 = 1 + �rC
2
y
+ 2�1(�1 − 1)�nC

2
x
+ 4�1�n�xyCxCy,

B1 = 1 +
�1(�1 − 2)

2
�nC

2
x
+ �1�n�xyCxCy,

A2 = 1 + �rC
2
y
+ 2�2(�2 − 1)�rC

2
x
+ 4�2�r�xyCxCy,

B2 = 1 +
�2(�2 − 2)

2
�rC

2
x
+ �2�r�xyCxCy,
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