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Abstract
The continuing coronavirus pandemic has come up with considerable questions in front of the world. Presently, India is

among concerned countries in Asia. Even though the recovery rate is more than the death rate, it is affecting human lives

and experiencing losses to the market. Several methods were employed to study the spread of novel coronavirus. Math-

ematical modeling is one of the prominent techniques to evaluate the dynamics of novel coronavirus. In this work, we

extend the mathematical model SEIAQRDT by incorporating environmental transmission to analyze the transmission of

coronavirus in India. The notable aspect of the model incorporates asymptomatic population, quarantine individuals, and

environmental transmission factors. These factors have enormous significance in the ongoing COVID-19 outbreak. The

basic reproduction number R0 is calculated theoretically. Bifurcation analysis of R0 is also done analytically. The existence

and stability analysis of disease-free equilibrium (DFE) and endemic equilibrium (EE) points are established. The impact

of environmental factors in spreading COVID-19 pandemic is deliberated. The case study for India and Italy is presented

and compared with real data, and the results are in accordance with the real situation.
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1 Introduction

COVID-19 originated in Wuhan, China, in late December

2019 (Wu et al. 2020). In a small-time, the novel coron-

avirus was transmitted all around the globe. Novel coron-

avirus disturbs upper respiratory system and causes severe

respiratory disease (Oud et al. 2021). COVID-19 was

announced as epidemic by WHO (WHO 2020). It is still an

ongoing pandemic. Even though the recovery rate is more

comparative to death rate, it affects human lives badly.

Around 214,766,860 confirmed cases and 4,477,155 deaths

were reported by August 26, 2021, in the world (Worl-

dometer 2020a), whereas in India 32,558,530 confirmed

and 4,36,396 death cases have been reported (Worldometer

2020b). COVID-19 outbreak surpassed the previous

records of diseases like SARS-Cov syndrome (WHO

2020).

The infectious disease has symptoms for instance fever,

throat infection, breath shortening, kidney failure, etc.

(World Health Organization (WHO) (2021)). The epidemic

is continuously transmitting in lack of proper treatment and

vaccine doses. The government implemented many pre-

ventive measures like social distancing, self-isolation,

quarantining, and wearing masks. This disease has pre-

sented many challenges in front of scientists and the

medical community (Oud et al. 2021). The coronavirus is

an extremely communicable disease spread by micro-dro-

plets in the company of symptomatic and asymptomatic

infectious individuals or indirect contact with contaminated
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surfaces (World Health Organization 2020; Gumel et al.

2004; Usaini et al. 2019). The impact of novel coronavirus

is transcended compared to other infectious diseases—the

primary concern for WHO is the realization of the degree

of transmissibility among individuals. The feasibility of

being ‘‘super-spreaders’’ and viable individual-to-individ-

ual transmission becomes a matter of concern (World

Health Organization 2020; World Health Assembly 2013).

According to WHO, super-spreaders are those individuals

who spread the disease to more than 20 individuals (World

Health Organization 2020).

Mathematical modeling is considered an essential tool in

studying novel coronavirus dynamics. Till today, several

mathematical models have been employed to assess vari-

ous factors affecting COVID-19 dynamics (Kizito and

Tumwiine 2018). The epistemology model has been con-

ferred in Roosa et al. (2020) which was validated for dis-

eases other than COVID-19 for a shorter period. Generally,

the mathematical modeling for COVID-19 is divided into

two categories: stochastic and compartmental models.

Commonly, compartmental models were used to model

infectious diseases (Murray 1993). The popular epidemic

models were SIR, SEIR, or SIS (Fu and Milne 2003; Liu

et al. 2006; Milne et al. 2008; Pfeifer et al. 2008).

Many other complex mathematical models have been

employed for instance SIDARTHE (Giordano et al. 2020)

which included the undetected and hospitalized individu-

als, and SEIAPAHRF (Ndaı̈rou et al. 2020), which intro-

duces a new compartment, namely super-spreader. These

models have taken into account new classes, which help in

planning policies for coronavirus (White et al. 2007). Leon

et al. (León et al. 2020) developed SEIARD mathematical

model to predict state-level outbreaks in Mexico. The

parameters for recovery and fatalities were calculated by

minimizing the sum of squared errors. Samui et al. (Samui

et al. 2020) developed a compartmental model incorpo-

rating India’s reported and unreported infectious individ-

uals. This model established that the transmission rate for

the disease is more beneficial to reduce the basic repro-

duction number. COVID-19 virus presents challenges day

by day. As the virus is new, its mechanism is not yet

precise. Krishna and Prakash (Krishna and Prakash 2020)

employed the Reservoir-People model for better parameter

estimation. A new mathematical model, namely h-
SEIHRD, has been developed by Ivorra et al. (Ivorra et al.

2020). In this model, known characteristics for COVID-19

such as undetected individuals and various sanitary con-

ditions of the hospitalized population have been incorpo-

rated. In addition to the undetected population, the fraction

h for detected cases over total cases was introduced (Ivorra

et al. 2020). Babaei et al. (Babaei et al. 2021) used frac-

tional derivatives to model dynamics of the epidemic. In

particular, this model investigated impact of quarantined

individuals on coronavirus outbreaks. Djilali and Ghanbari

(Djilali and Ghanbari 2020) studied age-structured model

to anticipated outbreak in South Africa, Turkey, and Brazil.

As recovery from disease depends on the individual’s

immune system, it is concluded that old-age people were

more affected during the pandemic (Djilali and Ghanbari

2020). The remarkable appearance of diffusion and distri-

bution has been emphasized in the spread of novel coron-

avirus (Asif et al. 2020). A new hybrid fractional optimal

control model was developed for coronavirus epidemic to

improve its dynamics (Sweilam et al. 2020). Many real-life

problems have been considered in the form of fractional

order ODE and PDE in science and engineering (Beghami

et al. 2022; Momani et al. 2020a, 2020b; Rabah et al.

2022). Coronavirus is a communicable disorder that can

transmit from human to human. Coronavirus mainly

spreads in humans during close contact through micro-

droplets caused by coughing and sneezing (Ji 2020). The

literature offers that the spread of coronavirus is also due to

contaminated dry surfaces (Dowell et al. 2004; Otter et al.

2016). Role of the environmental transmission is evaluated

in few mathematical models. Gralinski and Menachery

(Gralinski and Menachery 2020) described that the test

conducted from Huanan Seafood Market shows a positive

result for COVID-19, which recommends that the virus is

transmitted via the environment. During coughing or

sneezing of the infectious individual, the virus can transmit

in the environment via water droplets. It is also noticed that

the virus may present in the environment for many days.

Kampf et al. (Kampf et al. 2020) noticed that COVID-19

viruses might survive on inanimate surfaces for up to nine

days.

Furthermore, Ong et al. (Ong et al. 2020) described

evidence for spread of the virus in the environment via

respiratory droplets of coronavirus patients. Thus, it is

important to evaluate the effect of environmental trans-

mission in the outbreak of COVID-19. Garba et al. (Garba

et al. 2020) studied the impact of environmental factors in

novel coronavirus dynamics for South Africa. Alqarni et al.

(Alqarni et al. 2020) discussed the effect of environmental

contamination in transmission of coronavirus for Saudi

Arabia. This paper proposed a new mathematical model by

incorporating the environmental factors, requirement rate,

and death rate in SEIAQRDT model (Kumari et al. 2021a).

The environment transmission factors are considered as in

Elmojtaba et al. (2020). This work is arranged as follows:

Mathematical model and parameters are conferred in

Sect. 2. Section 3 is dedicated to estimating R0 and sta-

bility analysis of DFE point. Section 4 contributes to

numerical simulations and discussion. Finally, conclusions

are administered in Sect. 5.
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2 Model Formulation

We proposed a mathematical model to examine the

dynamics of novel coronavirus including asymptomatic,

quarantined, and environmental factors by extending the

previous model, namely SEIAQRDT (Kumari et al.

2021a). In the proposed model, factors such as requirement

rate and natural death rate are also incorporated. In this

model, SðtÞ shows susceptible at time t, FðtÞ depicts the

exposed, GðtÞ represents the infectious with symptoms,

AðtÞ represents asymptomatic infectious,QðtÞ represents the
quarantined compartment, RðtÞ represents the recovered,

HðtÞ represents the dead population, and TðtÞ represents

the protected population. MðtÞ represents the environ-

mental transmission due to an infected population. The

whole population is assumed to be constant. The environ-

mental factor is included in proposed model as
beM
kþM. To

consider the dynamics of coronavirus, recovery rate kðtÞ
and mortality rate jðtÞ are expressed as time-dependent

functions. The systematic compartmental diagram is given

in Fig. 1. This model categorizes the infectious population

into symptomatic and asymptomatic individuals. Asymp-

tomatic population are those having no symptoms for the

disease, but they can infect others. It is essential to find the

asymptomatic population to control spread of disease.

Quarantined population considered in this model are total

active population for the disease. Model is represented by

system of nonlinear differential equations that are charac-

terized as follows:

dS tð Þ
dt

¼ K� bS tð Þ G tð Þ þ q A tð Þð Þð Þ
N

� beS tð ÞM tð Þ
k þM

� aþ lð ÞS tð Þ

dF tð Þ
dt

¼ bS tð Þ G tð Þ þ q A tð Þð Þð Þ
N

þ beS tð ÞM tð Þ
k þM

� gþ lð ÞF tð Þ

dG tð Þ
dt

¼ pgF tð Þ � cþ lþ �ð ÞG tð Þ

dA tð Þ
dt

¼ 1� pð ÞgF tð Þ � ðc1 þ lÞA tð Þ

dQ tð Þ
dt

¼ cþ �ð ÞG tð Þ þ c1A tð Þ � k tð ÞQ tð Þ � j tð ÞQ tð Þ
� lQ tð Þ

dR tð Þ
dt

¼ k tð ÞQ tð Þ � lR tð Þ

dH tð Þ
dt

¼ j tð ÞQ tð Þ � lH tð Þ

dT tð Þ
dt

¼ aS tð Þ � lT tð Þ

dM tð Þ
dt

¼ a1G tð Þ þ a2A tð Þ � leM tð Þ ð2:1Þ

with initial condition S 0ð Þ[ 0;F 0ð Þ� 0;G 0ð Þ� 0;

A 0ð Þ� 0; Q 0ð Þ� 0;R 0ð Þ� 0;H 0ð Þ� 0; T 0ð Þ� 0;M 0ð Þ� 0:

The biological meaning of parameters is described in

Table1.

3 Analytical Analyses of the Proposed
Model

3.1 Invariant Region

This section determines the invariant region for system

(2.1). The non-negativity and boundedness condition is

evaluated theoretically.

Lemma 3.1 Kumari et al. (2021b) If m
0
tð Þ� k � gmðtÞ or

m
0
tð Þ� k � gmðtÞ on the interval ðT1; T2Þ, where k, g[ 0

and T1\T2, then

m tð Þ� k

g
þ m T1ð Þ � k

g

� �
eg T1�tð Þ ð3:1Þ

m tð Þ� k

g
þ m T1ð Þ � k

g

� �
eg T1�tð Þ 8t 2 T1; T2ð Þ ð3:2Þ

Proposition 3.1 The solutions of system (2.1) with given

initial condition is positively invariant.

Proof: We prove that the region S tð Þ;F tð Þ;ð
G tð Þ;A tð Þ;Q tð Þ;R tð Þ;H tð Þ; T tð ÞÞ 2 R8

þ is positively

invariant. For the system (2.1), we get

dS tð Þ
dt

����
S¼0

¼ K[ 0 ð3:3Þ

Fig. 1 Compartmental diagram for SEIAQRDT model with environ-

ment transmission
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dF tð Þ
dt

����
F¼0

¼ bS tð Þ G tð Þ þ q A tð Þð Þð Þ
N

þ beS tð ÞM tð Þ
k þM

� 0

ð3:4Þ
dG tð Þ
dt

����
I¼0

¼ pgF tð Þ� 0 ð3:5Þ

dA tð Þ
dt

����
A¼0

¼ 1� pð ÞgF tð Þ� 0 ð3:6Þ

dQ tð Þ
dt

����
Q¼0

¼ cþ �ð ÞG tð Þ þ c1A tð Þ� 0 ð3:7Þ

dR tð Þ
dt

����
R¼0

¼ k tð ÞQ tð Þ� 0 ð3:8Þ

dH tð Þ
dt

����
H¼0

¼ j tð ÞQ tð Þ� 0 ð3:9Þ

dT tð Þ
dt

����
T¼0

¼ aS tð Þ� 0 ð3:10Þ

If S 0ð Þ;F 0ð Þ;G 0ð Þ;A 0ð Þ;Q 0ð Þ;R 0ð Þ;H 0ð Þ;T 0ð Þð Þ 2R8
þ,

then the solution of system (2.1) cannot leave the hyper-

plane S¼ 0;F ¼ 0;G¼ 0;A¼ 0;Q¼ 0;R¼ 0;H ¼ 0;T ¼
0: Thus, the region R8

þ is positively invariant.

Theorem 3.1 System (2.1) describes a dynamical behavior

on s, where

s ¼ S tð Þ;F tð Þ;G tð Þ;A tð Þ;Q tð Þ;R tð Þ;H tð Þ; T tð Þð Þ 2f
R8

þ : N� K
l ;M tð Þ 2 Rþ : M tð Þ� K

l
a1þa2
le

g, with the given

non-negative initial condition.

Proof: Since N ¼ Sþ F þ Gþ Aþ Qþ Rþ H þ T ,

therefore N 0 ¼ S0 þ F0 þ G0 þ A0 þ Q0 þ R0 þ H0 þ T 0. We

have

dN

dt
þ lN �K ð3:11Þ

Now, integrating (3.11) and applying the theory of dif-

ferential equations from (lemma 3.1). We get

N� K
l
þ N T1ð Þ � K

l

� �
e�lt; 8t 2 0;1ð Þ ð3:12Þ

fort ! 1; N T1ð Þ � K
l

� �
e�lt ! 0, which implies

0\N� K
l.

M0 tð Þ ¼ a1G tð Þ þ a2A tð Þ � leM tð Þ and N� K
l.

Therefore,
dM

dt
þ leM� a1 þ a2ð ÞK

l
: ð3:13Þ

By lemma (3.1), we have

M� a1 þ a2ð ÞK
lle

þ M T1ð Þ � a1 þ a2ð ÞK
lle

� �
e�let;

8 t 2 0;1ð Þ
ð3:14Þ

for t ! 1; M T1ð Þ � a1þa2ð ÞK
lle

� �
e�let ! 0, which implies

0�M� a1þa2ð ÞK
lle

� �
.

Thus, the solution of the system (2.1) lies in R8
þ and

hence possesses a biologically feasible region in s:

3.2 Basic Reproduction Number (R0Þ

R0 is a parameter in the disease modeling for establishing

behavior for the disease. It describes number of secondary

infectious through original infectious. The value of R0

refers to whether the disease will continue or die out in a

certain period (Kumari et al. 2021a). There are many

methods for the determination of R0. This article uses the

next-generation matrix method for evaluating R0. For

system (2.1), DFE point is calculated by taking left-hand

side of system (2.1) equal to zero and considering zero

infected individuals. The DFE point for system (2.1) is

represented by

Table 1 Parameters and their definition

Symbol Definition Symbol Definition

K Requirement rate p Probability of symptomatic infectious

b Infection rate (symptomatic) c Quarantine rate

a Protection rate c1 Isolation rate

l Natural death/ birth rate kðtÞ Recovery rate (time-dependent)

q Probability of asymptomatic infectious j tð Þ Mortality rate (time-dependent)

N Total population � Disease death rate (symptomatic)

be Contact rate from contaminated environment a1 Shedding rate from infected (symptomatic) to environment

g Inverse of average latent time a2 Shedding rate from infected (asymptomatic) to environment

k Concentration of virus at environment 1
le

Lifetime of the virus in the environment
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E1 ¼ K
aþlð Þ ; 0; 0; 0; 0; 0; 0;

aK
l aþlð Þ ; 0

� �
and R0 for the

proposed model is equal toqðFV�1Þ. The transmission

matrix F and m are given as

F ¼

bS Gþ qAð Þ
N

þ beSM
k þM

0

0

0

2
666664

3
777775

and

m ¼

� gþ lð ÞF
pgF � cþ lþ �ð ÞG
1� pð ÞgF � c1 þ lð ÞA
a1Gþ a2A� leM

2
6664

3
7775

The Jacobian matrices for F and m at the DFE are given

as

F ¼
0

bK
N aþ lð Þ

bqK
N aþ lð Þ

beK
k aþ lð Þ

0 0 0 0

0 0 0 0

0 0 0 0

2
66664

3
77775 and

V ¼

� gþ lð Þ 0 0 0

pg � cþ lþ �ð Þ 0 0

1� pð Þg 0 � c1 þ lð Þ 0

0 a1 a2 �le

2
664

3
775;

respectively. Thus, the expression for the total basic

reproduction number R0 ¼ Rh þ Re where

Rh ¼ bpKg
N aþlð Þ cþ�þlð Þ gþlð Þ þ

qbgK 1�pð Þ
N aþlð Þ gþlð Þ c1þlð Þ and

Re ¼ Kbega2 1�pð Þ
k aþlð Þ gþlð Þ lþc1ð Þle þ

gKpa1be
k aþlð Þ cþ�þlð Þ gþlð Þle represent the

term corresponding to individual-to-individual transmis-

sion and environment to individual transmission,

respectively.

3.3 Local and Global Stability of DFE

The stability analysis of the DFE is discussed here. The

local stability of the disease-free equilibrium of the system

(2.1) is shown as follows:

Theorem 3.2 DFE point of system (2.1) is locally

asymptotically stable if R0\1 otherwise it is unstable.

Proof: To find local stability of DFE, we compute Jaco-

bian matrix for system (2.1) at E1 as JjE1

The matrix JjE1
has five negative eigenvalues, namely

k1;2;3 ¼ �l; k4 ¼ �a� l; and k5 ¼ �j� k� l. The

remaining four eigenvalues are calculated with the help

characteristic equation given as

Y4 þ p1Y
3 þ p2Y

2 þ p3Y þ p4 ¼ 0 ð3:15Þ

where

p1 ¼ cþ �þ gþ 3lþ c1 þ le½ �;

p2 ¼

cþ eþ lð Þ gþ lð Þ 1� Rh1ð Þ þ gþ lð Þ lþ c1ð Þ 1� Rh2ð Þ

þ lþ c1ð Þ cþ eþ lð Þ

þ cþ eþ gþ 3lþ c1ð Þle

2
664

3
775

JjE1
¼

� aþ lð Þ 0 � bK
N aþ lð Þ

�bqK
N aþ lð Þ 0 0 0 0

�beK
k aþ lð Þ

0 � gþ lð Þ bK
N aþ lð Þ

bKq
N aþ lð Þ 0 0 0 0

beK
k aþ lð Þ

0 pg � cþ lþ �ð Þ 0 0 0 0 0 0

0 1� pð Þg � c1 þ lð Þ 0 0 0 0 0

0 0 cþ �ð Þ c1 � k tð Þ þ j tð Þ þ lð Þ 0 0 0 0

0 0 0 0 k tð Þ �l 0 0 0

0 0 0 0 j tð Þ 0 �l 0 0

0 0 0 0 0 0 0 �l 0

0 0 a1 a2 0 0 0 0 �le

2
66666666666666664

3
77777777777777775
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p3 ¼

gþ lð Þ cþ �þ lð Þ�
le 1� Rh1 � Re1ð Þ þ gþ lð Þ lþ c1ð Þ�

le 1� Rh2 � Re2ð Þ þ cþ �þ lð Þ gþ lð Þ lþ c1ð Þ�
1� Rhð Þ þ cþ �þ lð Þ lþ c1ð Þle

2
6664

3
7775;

p4 ¼ 1� Rh � Reð Þ cþ �þ lð Þ gþ lð Þ lþ c1ð Þle½ �;

Rh1 ¼
bpKg

N aþ lð Þ cþ �þ lð Þ gþ lð Þ ;Rh2

¼ qbgK 1� pð Þ
N aþ lð Þ gþ lð Þ c1 þ lð Þ ;

and

Re1 ¼
Kbega2 1� pð Þ

k aþ lð Þ gþ lð Þ lþ c1ð Þle
;Re2

¼ gKpa1be
k aþ lð Þ cþ �þ lð Þ gþ lð Þle

:

To discuss the stability of system (2.1), we employ the

Routh–Hurwitz criterion. To prove that roots of equation

(3.15) have negative real parts, the following conditions

need to be satisfied:

(1) p1; p2; p3; p4 [ 0: Since all the coefficients of equa-

tion ð3:15Þ are positive, whenever Rh þ Re\
1 i:e:;R0\1. Therefore, the condition is satisfied.

(2) p1p2p3 [ p23 þ p21p4: To prove this, we begin with the

term p1p2 � p3

p1p2 � p3 ¼ cþ �þ 3lþ gþ c1 þ leð Þ
cþ �þ lð Þ gþ lð Þ 1� Rh1ð Þ þ gþ lð Þ lþ c1ð Þ 1� Rh2ð Þ

þ lþ c1ð Þ cþ �þ lð Þ þ cþ �þ gþ 3lþ c1ð ÞleÞ

" #

�
gþ lð Þ cþ �þ lð Þle 1� Rh1 � Re1ð Þ þ gþ lð Þ lþ c1ð Þle 1� Rh2 � Re2ð Þ

þ cþ �þ lð Þ gþ lð Þ lþ c1ð Þ 1� Rhð Þ þ cþ �þ lð Þ lþ c1ð Þle

" #

¼ cþ �þ 3lþ gþ c1ð Þ
cþ �þ lð Þ gþ lð Þ 1� Rh1ð Þ þ gþ lð Þ lþ c1ð Þ 1� Rh2ð Þ

þ lþ c1ð Þ cþ �þ lð Þ þ cþ �þ gþ 3lþ c1ð ÞleÞ

" #

þ le
cþ �þ lð Þ gþ lð Þ 1� Rh1ð Þ þ gþ lð Þ lþ c1ð Þ 1� Rh2ð Þ

þ lþ c1ð Þ cþ �þ lð Þ þ cþ �þ gþ 3lþ c1ð ÞleÞ

" #

� le
gþ lð Þ cþ �þ lð Þ 1� Rh1Þ � Re1 cþ �þ lð Þðgþ lð Þ

þ gþ lð Þ lþ c1ð Þ 1� Rh2ð Þ þ Re2 gþ lð Þ lþ c1ð Þ þ cþ �þ lð Þ lþ c1ð Þ

" #

� cþ �þ lð Þ gþ lð Þ lþ c1ð Þ 1� Rh1ð Þ þ cþ �þ lð Þ gþ lð Þ lþ c1ð ÞRh2

¼ cþ �þ 3lþ gþ c1ð Þ
cþ �þ lð Þ gþ lð Þ 1� Rh1ð Þ þ gþ lð Þ lþ c1ð Þ 1� Rh2ð Þ

þ lþ c1ð Þ cþ �þ lð Þ þ cþ �þ gþ 3lþ c1ð ÞleÞ

" #

þ le cþ �þ gþ 3lþ c1ð ÞleÞ½ �
� le �Re1 cþ �þ lð Þ gþ lð Þ � Re2 gþ lð Þ lþ c1ð Þ½ �
þ cþ �þ lð Þ gþ lð Þ lþ c1ð ÞRh2

¼ cþ �þ 3lþ gþ c1ð Þ
cþ �þ lð Þ gþ lð Þ 1� Rh1ð Þ þ gþ lð Þ lþ c1ð Þ 1� Rh2ð Þ½ �
þ ½Re1 cþ �þ lð Þ gþ lð Þle þ Re2 gþ lð Þ lþ c1ð Þle
þ cþ �þ lð Þ gþ lð Þ lþ c1ð ÞRh2 cþ �þ gþ 3lþ c1ð Þ
cþ �þ lð Þ lþ c1ð Þ þ le cþ �þ gþ 3lþ c1ð Þ þ l2e

� �
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It is clear that ðp1p2 � p3Þ[ 0 if Rh1\1 and Rh2\1;

which is true whenever R0\1:

According to the Routh–Hurwitz criteria, p1p2 [ p3 is

also a condition for the characteristic equation of degree

four. Thus, we have

p1p2p3 � p23 � p21p4

¼ p1p2 � p3ð Þp3 � p21p4

¼ cþ �þ 3lþ gþ c1ð Þ
½ cþ �þ lð Þ gþ lð Þ 1� Rh1ð Þ þ gþ lð Þ lþ c1ð Þ 1� Rh2ð Þ�
þ ½Re1 cþ �þ lð Þ gþ lð Þle þ Re2 gþ lð Þ lþ c1ð Þle
þ cþ �þ lð Þ gþ lð Þ lþ c1ð ÞRh2� þ cþ �þ gþ 3lþ c1ð Þ
cþ �þ lð Þ lþ c1ð Þ þ le cþ �þ gþ 3lþ c1ð Þ þ l2e

� �

�
gþ lð Þ cþ �þ lð Þle 1� Rh1 � Re1ð Þ þ gþ lð Þ lþ c1ð Þle 1� Rh2 � Re2ð Þ

þ cþ �þ lð Þ gþ lð Þ lþ c1ð Þ 1� Rhð Þ þ cþ �þ lð Þ lþ c1ð Þle

" #

� cþ �þ 3lþ gþ c1 þ leð Þ2 cþ �þ lð Þ gþ lð Þ lþ c1ð Þle 1� Rh � Reð Þ

¼
c2 þ �2 þ 9l2 þ g2 þ c21 þ l2e þ 2c�

þ6�lþ 6clþ 2gle þ 2lec1 þ gc1 þ 2cgþ 2cle

þ 2cc1 þ 2�gþ 2�le þ 2�c1 þ 6lgþ 6lle þ 6lc1

0
BB@

1
CCA

cþ �þ lð Þ gþ lð Þ lþ c1ð Þle þ þveð Þ terms

¼ cþ �þ 3lþ gþ c1 þ leð Þ2

cþ �þ lð Þ gþ lð Þ lþ c1ð Þle Rh þ Reð Þ þ þveð Þ terms

This implies the condition p1p2p3 [ p23 þ p21p4 is satis-

fied. Therefore, system (2.1) is locally asymptomatically

stable about DFE if R0\1.

Moreover, the global stability of DFE is proved in the

following theorem:

Theorem 3.3 DFE of system (2.1) is globally asymp-

tomatically stable if R0\1 and the condition (1) and

condition (2) are satisfied:

(1) dU
dt ¼ J U; 0ð Þ;U0 is global asymptotically stable.

(2) K̂ U;Vð Þ� 0 for U;Vð Þ 2 s.

where bK U;Vð Þ ¼ AV � K U;Vð Þ; A ¼ DVK U0; 0ð Þ is M-

matrix and

s ¼ S tð Þ;F tð Þ;G tð Þ;A tð Þ;Q tð Þ;R tð Þ;H tð Þ; T tð Þð Þ 2f
R8

þ : N� K
l ;M tð Þ 2 Rþ : M tð Þ� K

l
a1þa2
le

g is the biologi-

cally feasible region.

Proof: Global stability of the system (2.1) is established

by employing theorem of Feng et al. (Castillo-Chavez et al.

2002). System (2.1) is written in the form as follows:

dU
dt ¼ J U;Vð Þ, dV

dt ¼ K U;Vð Þ and K U; 0ð Þ ¼ 0 where

U ¼ S;Q;R;H; Tð Þ and V ¼ F;G;A;Mð Þ are non-infected

and infected compartments, respectively. J U;Vð Þ and

K U;Vð Þ represent right-hand side of the system (2.1)

corresponding to U andV , respectively. DFE is written as

E1 ¼ U0; 0ð Þ where U0 ¼ K
aþlð Þ ; 0; 0; 0;

aK
l aþlð Þ

� �
.

To prove condition 1Þ, we have

S0

Q0

R0

H0

T 0

2
66664

3
77775 ¼

K� aþ lð ÞS
�kQ� jQ� lQ

�lR
�lH

aS� lT

2
66664

3
77775

solving the above differential equations, we have:

S tð Þ ¼ C1e
� aþlð Þt þ K

aþ lð Þ ;Q tð Þ ¼ C2e
� kþjþlð Þt;R tð Þ

¼ C3e
�lt;H tð Þ ¼ C4e

�lt;

T tð Þ ¼ a
K

aþ lð Þ

� �
� C1

a
e� aþlð Þt þ C5e

�lt;

where C1;C2;C3;C4; and C5 are arbitrary constants. Since

U ! U0 as t ! 1. Therefore, U0 is globally
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asymptotically stable, hence condition (1) is satisfied. Now

to show conditionð2Þ, we have matrix A :

A ¼
� gþ lð Þ bK

N aþ lð Þ
bKq

N aþ lð Þ
beK

k aþ lð Þ
pg � cþ lþ �ð Þ 0 0

1� pð Þg 0 � c1 þ lð Þ 0

0 a1 a2 �le

2
66664

3
77775:

Now, we obtain

Clearly, K̂ U;Vð Þ� 08 U;Vð Þ 2 s. Hence DFE is global

stable.

3.4 Existence and Stability of EE

Existence and local stability of the EE point are discussed

here. To find EE for system (2.1), we assume E2 ¼
S�;F�;G�;A�;Q�;R�;H�; T�;M�ð Þ to be endemic

equilibrium.

We define the following:

W ¼ b G� þ qA�ð Þ
N

þ beM
�

k þM�ð Þ : ð3:16Þ

Now, the endemic equilibrium is calculated by substi-

tuting left-hand side of system (2.1) equal to zero. The EE

point for system (2.1) is written as

S� ¼ K
Wþ aþ lð Þ ; F� ¼ WS�

gþ lð Þ ; G� ¼ pgF�

cþ �þ lð Þ ;

A� ¼ 1� pð ÞgF�

c1 þ lð Þ ; Q� ¼ cþ �ð ÞG� þ c1A
�

kþ jþ lð Þ ; R� ¼ kQ�

l
;

H� ¼ jQ�

l
; T� ¼ aS�

l
; M� ¼ a1G� þ a2A�

le

8>>>>>>><
>>>>>>>:

ð3:17Þ

Substituting the values of expression (3.17) in

Eq. (3.16), we have

q1W
2 þ q2Wþ q3 ¼ 0 ð3:18Þ

where

q1 ¼ N cþ �þ lð Þ gþ lð Þ lþ c1ð Þ
k cþ �þ lð Þ gþ lð Þ lþ c1ð Þ þ Kða1qg lþ c1ð Þ

þa2 1� qð Þg cþ �þ lð Þ

 !
;

q2 ¼Nkle cþ �þ lð Þ2

gþ lð Þ2 lþ c1ð Þ2 aþ lð Þ 1� Rh � Reð Þ
þ N cþ �þ lð Þ gþ lð Þ lþ c1ð Þ aþ lð Þ
Kða1qg lþ c1ð Þ þ a2 1� qð Þg cþ �þ lð Þ
þ Nkle cþ �þ lð Þ2 gþ lð Þ2 lþ c1ð Þ2 aþ lð Þ;

q3 ¼ Nkle cþ �þ lð Þ2 gþ lð Þ2 lþ c1ð Þ2 aþ lð Þ2 1� Rh � Reð Þ:

It is noticed that q1 [ 0. The endemic equilibrium exists

if Eq. (3.18) has a positive solution. The following cases

are given below:

(1) If R0 ¼ Rh þ Re � 1; then all the coefficients of

Eq. (3.18) are greater than or equal to zero. In this

case, Eq. (3.18) has no positive solution, and hence

no endemic equilibrium exists.

(2) If R0 ¼ Rh þ Re [ 1; then q3\0. Thus, Eq. (3.18)

has unique positive solution, and hence a unique

endemic equilibrium (EE) exists.

Theorem 3.4. The EE of system (2.1) is locally asymp-

tomatically stable if R0 [ 1:

Proof: Stability of EE is proved using condition described

in Castillo-Chavez and Song (2004). Let be be a bifurcation
parameter. Then, the value of the bifurcation parameter at

R0 ¼ 1 is given as.

K̂ U;Vð Þ ¼ AV � K U;Vð Þ ¼

bG
N

K
aþ l

� S

� �
þ bqA

N

K
aþ l

� S

� �
þ beM

k þMð Þ
MK

k aþ lð Þ þ
K

aþ l
� S

� �	 


0

0

0

2
66664

3
77775

bce ¼
kle N cþ �þ lð Þ gþ lð Þ lþ c1ð Þ aþ lð Þ � bgK p lþ c1ð Þ þ q 1� pð Þ cþ �þ lð Þð Þð Þ

NgK a1p c1 þ lð Þ þ a2 1� pð Þ cþ �þ lð Þð Þ
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The Jacobian matrix JjE1 has a zero eigenvalue at

R0 ¼ 1. As one of the eigenvalues is zero, there is a chance

of bifurcation.

Let A ¼ a1a2 � � � a9½ � and B ¼ b1b2 � � � b9½ � denote the

left and right eigenvector with respect to zero eigenvalue,

respectively. Where

a1 ¼ a5 ¼ a6 ¼ a7 ¼ a8 ¼ 0

a2 ¼
k aþ lð Þle

Kbce
a9; a3

¼ bK
N cþ �þ lð Þ aþ lð Þ a2 þ

a1
cþ �þ lð Þ a9

Table 2 Parameter values for

India
a 0.0087 [fitted] be 0.0000012 (Oud et al. 2021)

b 1.4783 [fitted] q 2:76 � 10�5[fitted]

g 0.2806 [fitted] a1 0.2157 (Oud et al. 2021)

c 0.4294 [fitted] a2;le 0.2276 (Oud et al. 2021)

p 0.6900 [fitted] kð1Þ 0.1118 [fitted]

c1 0.5394 [fitted] kð2Þ 0.0685 [fitted]

k 0.2 [0,1] (Elmojtaba et al. 2020) kð3Þ 0.0141 [fitted]

� 0.1814 [fitted] jð1Þ 0.0027 [fitted]

K 0.0154 [assumed] jð2Þ 0.0249 [fitted]

l 0.0004 (Oud et al. 2021) jð3Þ 96.1418 [fitted]

Fig. 2 Fitting of cumulative (confirmed, recovered, deaths and active cases) for real data India. The markers circle and triangle represent the real

data and solid lines represent the simulated cases for the proposed model
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a4 ¼
a2

c1 þ lð Þ a9 þ
qbK

N aþ lð Þ cþ �þ lð Þ a2; a9 ¼ a9 6¼ 0

b1 ¼
� gþ lð Þ
aþ lð Þ b2; b2 ¼ b2 6¼ 0; b3 ¼

gp
cþ �þ lð Þ b2

b4 ¼
1� pð Þg
c1 þ lð Þ b2; b5 ¼

cþ �ð Þb3 þ c1b4
jþ kþ lð Þ ; b6 ¼

k
l
b5

b7 ¼
j
l
b5; b8 ¼

a
l
b1; b9 ¼

a1b3 þ a2b4
le

Now, assuming free variables a2 and b9 to be þve and

finding values of a and b (Castillo-Chavez and Song 2004).

We find that a\0 and b[ 0. Therefore, the bifurcation is

in forward direction. Hence, EE is locally asymptomati-

cally stable whenever R0 [ 1.

Table 3 Parameters of

numerical simulation for Italy
a 0.1007 [fitted] be 0.0000012 (Oud et al. 2021)

b 1.6973 [fitted] q 0.1 [fitted]

g 0.0160 [fitted] a1 0.2157 (Oud et al. 2021)

c 0.1746 [fitted] a2;le 0.2276 (Oud et al. 2021)

p 0.30 [fitted] kð1Þ 0.0754 [fitted]

c1 0.25 [fitted] kð2Þ 0.0384 [fitted]

k 0.2 [0,1] (Elmojtaba et al. 2020) kð3Þ 8.7637 [fitted]

� 0.034 (Oud et al. 2021) jð1Þ 0.0011 [fitted]

K 0.589 [assumed] jð2Þ 0.0049 [fitted]

l 0.00107 [assumed] jð3Þ 8.2450 [fitted]

Fig. 3 Fitting of cumulative (confirmed, recovered, deaths and active cases) for real data Italy. The markers circle and triangle represent the real

data and solid lines represent the simulated cases for the proposed model.
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4 Numerical Simulation & Discussion

Nowadays one of the questions in each individual mind is

‘will this disease ever die out?’. The experts recommend

that in the current situation its disappearance is mostly

unlikely: ‘COVID-19 spread in individuals very easily by

direct contact or contaminated areas’ (Gunia and Will,

2020). Therefore, a country like India with a dense popu-

lation is worried about the future wave. According to WHO

officials, COVID-19 may behave in a periodical manner

and we need to deal with it (Gunia and Will, 2020). From

the above discussion, we may conclude as (Yang and Wang

2020), we need to do the complete quantitative and qual-

itative analysis of proposed model. Therefore, this section

presents numerical simulations of system (2.1) for India

and Italy. In simulation, we consider the effect of protec-

tion rate and environment factors. Fitting of parameters has

been done by employing the real data for India and Italy to

anticipate the spread of epidemic. Next subsection deals

with the estimation of parameters using the data for India

(Covid19 India 2021).

4.1 Simulation Results for India

Parameters are fitted by the real cases for India (confirmed,

active, recovered, and deaths). Comparison of real data for

India with the predicated cases is done from April 01,

2021, to August 08, 2021. The fitted model presents sat-

isfactory results up to August 08, 2021. Parameters for

simulation are shown in Table 2.

In this model, the recovery rate (k tð ÞÞ and death rate

j tð Þð Þ are dependent functions of time given as follows

(Cheynet 2020):

k tð Þ ¼ k 1ð Þ
1þ eð�k 2ð Þ� t�k 3ð Þð Þ ; j tð Þ

¼ j 1ð Þ
eðj 2ð Þ� t�j 3ð Þð Þ þ e�j 2ð Þ� t�j 3ð Þð Þð Þ

where k 1ð Þ; k 2ð Þ; k 3ð Þ; j 1ð Þ; j 2ð Þ; andj 3ð Þ are fitted

parameters specified in Table 2. The parameters are opti-

mized using lsqcurvefit function in MATLAB (Kumari

et al. 2021a). Figure 2 I–IV shows the fitted curve for

cumulative (total, active, deaths, and recovered) cases in

India. Results reveal the agreement between real data and

model predicted data. To evaluate the accuracy of data

fitted, we find the NRMSE (normalized root mean square

Fig. 4 Results of system (2.1), reveal the decrease in the infectious population as the protection rate a increases: I active or quarantined, II
asymptomatic, III exposed, and IV symptomatic population, respectively for distinct values of a:
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error). The formula for NRMSE is commonly defined as

follows:

NRMSE =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

j¼1
yj�zjð Þ2

q
Pn

j¼1
zj

, where zj 1� j� nð Þ and

yj 1� j� nð Þ are real data for India and predicted data by

the proposed model, respectively. n is the number of days

under consideration. We found that NRSME for the pro-

posed model for India is 0.0075. Moreover, Karl Pearson’s

correlation coefficient is 0.99. The above analysis shows

that the proposed model is a good fit with real data.

4.2 Simulation Results for Italy

Parameters are also fitted by real data for Italy (confirmed,

active, recovered, and death cases). The comparison of real

data for Italy with the predicated data is done from April

01, 2021, to August 08, 2021. The fitted model presents

satisfactory results up to August 08, 2021. The estimated

parameters are shown in Table 3. Figure 3 I–IV represents

fitted curve for cumulative (confirmed, active, death, and

recovered) cases for Italy. It is observed from the fig-

ures that simulated data are in good agreement with real

data.

4.3 Impact of Protection Rate on COVID-19

This subsection deals with the simulation results and the

analysis accomplished by applying the novel coronavirus

data for India to evaluate the potential impact of control

strategies. The effect of preventive measures such as social

distancing, isolation and quarantined are estimated through

the simulation of system (2.1) using parameters from

Table 2. The results reveal decrease in number of exposed,

symptomatic, asymptomatic, and quarantined (active)

cases with increase in parameter a as illustrated in Fig. 4 I,

II, III, IV, respectively. The results are in correspondence

with the fact that as control strategies decline the number

of infectious increases (Ngonghala et al. 2020).

Figure 4 I, II, III, IV recommends that if strict control

measures were used (a ¼ 0:015 instead of a ¼ 0:0087),

then the number of cases was quite less. If the protection

rate is 0:015; then total cases are expected to be 19,220,000

on May 07, 2021. In this case, peak for the second wave

was attained as depicted in Fig. 5I. On the other hand, if

the protection rate is relaxed to 0:0087, then the total

confirmed cases at peak of pandemic was reached

21,580,000 as shown in Fig. 5I. Figure 5I, II, III presents

cumulative (confirmed, recovered, and death) cases.

Fig. 5I, II, III reveals decrease in confirmed cases, recov-

eries, and deaths, respectively, whenever the protection rate

Fig. 5 The cumulative deaths drastically increases when there is no control measure i.e., a= 0, total numbers of cases I, recovery II, and deaths

III decreases as a increases, for distinct values of a
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increases. It also discusses the case when no protection was

present, i.e., a ¼ 0. It will show a drastic increase in the

number of deaths with time. Therefore, these results reveal

that the implementation of strict control strategies like

lockdown imposed by the central government of India has

a notable impact on the spread of novel coronavirus.

Fig. 6 Results of the system (2.1), revealing the increase in the infectious population as the contact rate from contaminated environment (be)
increases: a active or quarantined, b asymptomatic, c exposed, and d symptomatic population, respectively, for distinct values of be

Fig. 7 The cumulative deaths increases when there is increase in the parameter be, total numbers of cases a and deaths b increases as be
increases, for distinct values of be
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Furthermore, the above discussion suggests that the lock-

down imposed in India for the first time on March 23, 2020

is unlocked in a phased manner. Thereafter, strict control

measures are again implemented in May 2021 which are

also going to be uplifted in a phased manner. The major

challenge is that the uplifting of lockdown may not disturb

the control of the epidemic seen after the second wave in

India. Hence, the current study strongly recommends that

preventive measures like social distancing, wearing of

masks, etc., must be taken care of so that we can avoid the

recurrence of the epidemic. In the literature, it is shown

that countries such as South Korea and Hong Kong have

relaxed preventive measures and facing the recurrence of

the disease (Rogers 2020).

4.4 Impact of Environmental Transmission

As indicated before, it is an extensively used drive that the

virus survives on the contaminated surfaces for many days

on distinct surfaces (Seladi-Schulman 2020). The COVID-

19 virus can continue to live on the contaminated areas for

up to 9 days (Kampf et al. 2020). In particular, the crowded

places like slum areas where many people live in a very

small region can easily come in contact with such surfaces

after water droplets from the infected person arrive on

them. Therefore, it is not uncertain that the novel coron-

avirus pandemic in India has an impact of both the infec-

tion rate and contact rate from contaminated surfaces.

These rates are considered in system (2.1) as b and be,
respectively. The environmental transmission has an

impact (Re ¼ 0:1713Þ of around 7.6% of the total repro-

duction number ðR0 ¼ 2:2582Þ in transmission of coron-

avirus in India. Impact of environmental transmission is

determined using the simulation of the system (2.1) for

distinct values of parameter be. Figure 6 I, II, III, IV shows

active, asymptomatic, exposed, and symptomatic infectious

for distinct values of the parameter be. Figure 6 I, II, III

and IV shows that infectious individual increase with the

increase in the parameter be. Figure 7 I, II represents

confirmed and death cases, respectively. It is observed that

confirmed and death cases continue to increase with the

increase in the parameter be:

5 Conclusions

As in the third week of April 2021, India has been faced the

second wave of epidemic and mainly affected through

community transmissions, super-spreader events, etc., in

comparison with the first wave in India and many other

countries that time. The Indian government made many

efforts to flatten the novel coronavirus curve to control the

number of infectious by extending the medical facility. We

have developed a mathematical model by extending

SEIAQRDT (Kumari et al. 2021a) model to introduce a

new compartment corresponding to environment trans-

mission factors. In addition to this, the parameters like

death rate and requirement rate have been incorporated.

The mathematical analysis of the model has been pre-

sented, and it is concluded that DFE is locally asymp-

tomatically and globally stable; on the other hand, EE point

is locally asymptomatically stable. The comparison

between real data and simulated data using proposed model

has been done. Normalized root mean square error

(NRSME) has been calculated for the real data of India and

predicated results to demonstrate the efficiency of consid-

ered model. The NRSME corresponding to real and pred-

icated data for India is 0.0075 which shows the efficacy of

proposed model. The impact of environmental transmission

and protection rate is anticipated. It is noticed that envi-

ronmental transmission has an impact of around 7.6% to

total spread of coronavirus in India. Thus, the effect of

environmental transmission in India is moderate. In cor-

respondence to previous studies (Ngonghala et al. 2020;

Iboi et al. 2020), this study also proposed that care must be

taken while relaxing the novel coronavirus alerts to avoid

further waves in future. Furthermore, this model can be

extended by introducing the role of vaccination, new

treatment tools and the effect of other disease on COVID-

19.
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de León UAP, Pérez ÁG, Avila-Vales E (2020) An SEIARD

epidemic model for COVID-19 in Mexico: mathematical

analysis and state-level forecast. Chaos Solitons Fractals

140:110165

Djilali S, Ghanbari B (2020) Coronavirus pandemic: a predictive

analysis of the peak outbreak epidemic in South Africa, Turkey,

and Brazil. Chaos Solitons Fractals 138:109971

Dowell SF, Simmerman JM, Erdman DD, Wu JSJ, Chaovavanich A,

Javadi M, Yang JY, Anderson LJ, Tong S, Ho MS (2004) Severe

acute respiratory syndrome coronavirus on hospital surfaces.

Clin Infect Dis 39(5):652–657

Elmojtaba I M, Al-Musalhi F, Al-Ghassani A, Al-Salti N (2020)

Investigating the role of environmental transmission in COVID-

19 Dynamics: a mathematical model Based Study

Fu S, Milne G (2003) Epidemic modelling using cellular automata.

In: Proceedings of the Australian conference on artificial life

Garba SM, Lubuma JMS, Tsanou B (2020) Modeling the transmis-

sion dynamics of the COVID-19 Pandemic in South Africa.

Math Biosci 328:108441

Giordano G, Blanchini F, Bruno R, Colaneri P, Di Filippo A, Di

Matteo A, Colaneri M (2020) Modelling the COVID-19

epidemic and implementation of population-wide interventions

in Italy. Nat Med 26(6):855–860

Gralinski LE, Menachery VD (2020) Return of the coronavirus:

2019-nCoV. Viruses 12(2):135

Gumel AB, Ruan S, Day T, Watmough J, Brauer F, Van den

Driessche P, Sahai BM (2004) Modelling strategies for control-

ling SARS outbreaks. Proc R Soc Lond B 271(1554):2223–2232

Gunia A, (2020) Will COVID-19 ever go away? Time (Gunia-20)

Iboi EA, Sharomi OO, Ngonghala CN, Gumel AB (2020) Mathe-

matical modeling and analysis of COVID-19 pandemic in

Nigeria. MedRxiv 5:293

Ivorra B, Ferrández MR, Vela-Pérez M, Ramos AM (2020) Math-
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