
International Journal of Dynamics and Control (2025) 13:71
https://doi.org/10.1007/s40435-024-01572-8

Bell wavelet-based numerical algorithm for fractional-order
(1+1)-dimensional telegraph equations involving derivative in Caputo
sense

Pooja Yadav1 · Shah Jahan1

Received: 7 October 2024 / Revised: 12 November 2024 / Accepted: 9 December 2024 / Published online: 18 January 2025
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2024, corrected publication 2025

Abstract
This study presents an efficient numerical approach for solving fractional-order (1+1)-dimensional telegraph equations using
a collocation method based on Bell wavelets. The method begins by exploring the fundamental properties of Bell polynomials
and their associated wavelets. Fractional-order operational matrices of integrals (OMI) are developed using block-pulse
functions, and the Bell wavelet OMI is then combined with collocation points to transform the telegraph equation into a
system of algebraic equations. Newton’s iterative technique is used to solve these equations. To validate the effectiveness and
applicability of the proposed Bell wavelet method, several test problems are analyzed, with detailed error analysis included.
Comparative results between the Bell wavelet approximate solutions and those from other established methods in the existing
literature are presented through comprehensive figures and tables. This comparison highlights the improved accuracy and
efficiency of the Bell wavelet method, demonstrating its potential as a reliable tool for solving fractional telegraph equations.

Keywords Bell polynomials · Bell wavelets · Fractional telegraph equation · Error analysis · Collocation points · Operational
matrix

Mathematics Subject Classification 42C40 · 26A33 · 65M70 · 35R11 · 65T60

1 Introduction

Oliver Heaviside formulated the telegraph equation during
the 1880s. It is a linear, second-order hyperbolic partial dif-
ferential equation that characterizes how current and voltage
behave along an electrical transmission line in relation to time
and distance. This model shows how wave patterns develop
along the wire and how the wire can reflect electromagnetic
radiation [1]. Numerous domains, including engineering and
biological sciences, use the telegraph equation to simulate
reaction–diffusion processes, researchwave phenomena, and
track electrical impulses coursing through cable transmission
lines. In the physical, biological, and chemical sciences, a
variety of events are governed by the Telegraph Equation.
Examples include population dynamics [2], parallel flows
in Maxwell fluids [4], acoustic waves in porous media [3],
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wave propagation in cable transmissions [5], hyperbolic heat
transfer [7], and pulsatile blood flow in arteries [6]. Due to
numerous applications of telegraph equations in signal anal-
ysis and wave propagation, we are motivated to solve these
equations by leveraging the properties of fractional calculus
alongside Bell wavelets.

Fractional calculus is a branch of mathematics that
explores derivatives and integrals of non-integer orders,
creating opportunities for collaboration among engineers,
mathematicians, biologists, and physicists [39–43]. Frac-
tional derivatives are essential for describing various physical
processes, as they extend traditional derivatives to provide a
more precise and efficient modeling tool. Their non-local
nature captures complex behaviors in ways that integer-
order derivatives cannot. Fractional calculus finds extensive
applications in fields such as fluid mechanics [8], chemical
engineering [10], viscoelasticity [9], and signal process-
ing [11]. However, solving fractional differential equations
with exact solutions poses significant challenges due to
the fractional nature of their kernels. Consequently, exten-
sive research has been dedicated to developing numerical
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approaches to handle fractional differential equations [37,
38]. These approaches encompass numerous techniques,
including the Adomian decomposition method [32], Laplace
transform method [33], Sinc-Legendre method [29], Leg-
endre operational matrix [28], Fibonacci wavelet [30], and
others [31].

Because of the advantageous properties associated with
fractional calculus, we explore the time-fractional telegraph
equation in this paper as

∂αθ(λ, δ)

∂δα
+ a1

∂α−1θ(λ, δ)

∂δα−1 + a2θ(λ, δ)

= a3
∂2θ(λ, δ)

∂λ2
+ f (λ, δ), 0 ≤ λ ≤ 1, (1.1)

with initial conditions (ICs)

θ(λ, 0) = μ1(λ),
∂θ(λ, 0)

∂δ
= μ2(λ), 0 ≤ λ ≤ 1, (1.2)

and Dirichlet’s boundary conditions (DBCs)

θ(0, δ) = ν0(δ), θ(1, δ) = ν1(δ), 0 < δ ≤ 1, (1.3)

where a1, a2, a3 are arbitrary constants, and f (λ, δ) is a
continuous real valued function. 1 < α ≤ 2 represents the
fractional derivative parameter. At α=2, (1.1) becomes the
classical telegraph equation.

For solving fractional partial differential equations, vari-
ous numerical methodologies have been utilized, including
the spectral method [12], finite element, and difference
method [13, 14].Many investigations have explored the com-
putational resolution of fractional differential equations and
their practical implications [15, 16].

In recent years, the fractional telegraph equation (1.1)
has gained significant attention in engineering and physical
sciences, leading to various research advancements. Sev-
eral methods have been developed and successfully applied
to this area, including the Adomian decomposition method
[17], separation of variables [18], finite difference method
[36], Sinc-Legendre collocation method [19], differential
transform method [20], Crank–Nicolson finite difference
method [21], Fourier and Laplace transform methods [22],
cubic spline [34], and homotopy analysis and homotopy
perturbation methods [23, 24]. Among these approaches,
wavelet-based numerical techniques have emerged as a
promising alternative for solving fractional telegraph equa-
tions.

Wavelet-based numerical methods have become popular
in numerical analysis due to their simplicity, computa-
tional efficiency, and fast convergence [35]. Recently, various
wavelets, such as Bernoulli, CAS, Chebyshev, Legendre,
Haar, Gegenbauer, and Taylor wavelets, have been used to
solve problems in fractional calculus. Thesewavelets employ

operational matrices for fractional integration, often using
block-pulse functions to simplify computations. A newer
addition to wavelet families is the Bell wavelet, which is
generated using Bell polynomials.

This study introduces a novel, efficient computational
method for solving fractional-order telegraph equations with
DBCs by combining block-pulse functions (BPFs) and Bell
wavelets. This method was chosen for its ability to overcome
the computational and accuracy challenges of fractional-
order problems,which are common in systemswithmemory-
dependent behavior. By integratingBell wavelets as the foun-
dational basis with the operational matrix and collocation
methods, the approach leverages the OMI to convert com-
plex differential equations into simpler algebraic equations,
solvable with Newton’s iterative technique [25]. This com-
bination enhances computational efficiency and flexibility,
as Bell wavelets enable precise local approximations, while
the operational matrix method reduces complexity. Through
various numerical examples, the method demonstrates high
accuracy and reliability, proving useful for a broad range of
fractional-order differential equations. No significant limi-
tations of this strategy are immediately apparent. However,
the approach is most effective within a limited domain and
may not be as applicable in broader contexts. Computing the
operational matrix and performing integrations with the Bell
wavelet method can become resource-intensive, particularly
for high-dimensional problems or cases that require many
terms in the series expansion.

The structure of the paper is as follows: Sect. 2 provides the
essential preliminary knowledge of fractional calculus, Bell
polynomials, Bell wavelets, and their corresponding OMI. In
Sect. 3,we introduce a fractionalOMI, utilizingBellwavelets
as the basis. In Sects. 4 and 5, we discuss the description of
methods and convergence analysis. Section6 is dedicated to
presenting our numerical simulations and discussion, show-
casing the efficacy of the presented methodology through
illustrative examples. Lastly, Sect. 7 gives a brief conclusion
and future directions.

2 Bell wavelet and operational matrices of
integration

Here, some definitions from fractional calculus, Bell poly-
nomials, and Bell wavelets are given.

Fractional calculus

Definition 2.1 For any function θ(λ) ∈ Cω, ω ≥ −1, the
R-L fractional integration operator I a (a > 0) is given by:

I aθ(λ) =
{

θ(λ), λ = 0,
1

	(a)

∫ λ

0 (λ − x)a−1θ(x)dx, a > 0.
(2.1)
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Properties of the R-L fractional integration operator for
a, b > 0:

• I a I bθ(λ) = I b I aθ(λ),
• I a I bθ(λ) = I a+bθ(λ),
• I aλv = 	(1+v)

	(1+a+v)
λa+v, v > −1.

Definition 2.2 For any function θ(λ) ∈ Cn−1, the Liouville–
Caputo fractional derivative operator Da is given by

Daθ(λ) =
⎧⎨
⎩

θ(n)(λ), a = n ∈ N,

1
	(n−a)

∫ λ
0

θ(n)(x)
(λ−x)a+1−n dx, n − 1 < a < n, n ∈ N.

(2.2)

From (2.1) and (2.2), we get

• Da I aθ(λ) = θ(λ),
• Db I aθ(λ) = I a−bθ(λ), a > b,
• I a Daθ(λ) = θ(λ) − ∑n−1

k=0 θk
(
0+) λk

k! , λ > 0, n −
1 < a ≤ n.

Bell wavelets
Bell polynomials Bn(λ) of order n are defined by [27]

Bn(λ) =
n∑

k=0

S(n, k)λk,

here S(n, k) represents the second-kind Stirling number and
defined as:

S(n, k) =
k∑

i=0

(−1)i

k!
(
k
i

)
(k − i)n .

Using the Bell polynomials properties, the vector B(λ) =
[B0(λ), · · · ,Bn(λ)], consisting the Bell polynomials B j (λ),

j = 0, 1, · · · , n, is represented by

B(λ) = SY(λ), (2.3)

where

Y(λ) = [
1, λ, · · · , λn

]T
,

and

S =

⎡
⎢⎢⎢⎣
S(0, 0) 0 · · · 0
S(1, 0) S(1, 1) · · · 0

...
...

. . .
...

S(n, 0) S(n, 1) · · · S(n, n)

⎤
⎥⎥⎥⎦ .

Since the above matrix is nonsingular as S is a lower trian-
gular matrix with nonzero diagonal elements, S−1 exists. So,
equation (2.3) becomes

Y (λ) = S−1B(λ).

The first six Bell polynomials are

B0(λ) = 1,

B1(λ) = λ,

B2(λ) = λ2 + λ,

B3(λ) = λ3 + 3λ2 + λ,

B4(λ) = λ4 + 6λ3 + 7λ2 + λ,

B5(λ) = λ5 + 10λ4 + 25λ3 + 15λ2 + λ,

B6(λ) = λ6 + 15λ5 + 65λ4 + 90λ3 + 31λ2 + λ.

The Bell wavelets ψmn(λ) = ψ(k,m, n, λ) have four argu-
ments: k ∈ Z

+, m = 1, . . . , 2k−1, the λ is the normalized
time, and the degree of the Bell polynomials is given by n.
On the interval [0, 1), Bell wavelets are given by

ψmn(λ) =
{
2

k−1
2 Bn

(
2k−1λ − m + 1

)
, m−1

2k−1 ≤ λ < m
2k−1 ,

0, otherwise.

(2.4)

The Bell wavelets basis for k = 2, M = 3 is

ψ1,0(λ) =
{√

2, 0 ≤ λ < 1
2 ,

0, otherwise.

ψ1,1(λ) =
{
2
√
2λ, 0 ≤ λ < 1

2 ,

0, otherwise.

ψ1,2(λ) =
{
4
√
2λ2 + 2

√
2λ, 0 ≤ λ < 1

2 ,

0, otherwise.

ψ2,0(λ) =
{√

2, 1
2 ≤ λ < 1,

0, otherwise.

ψ2,1(λ) =
{
2
√
2λ − √

2, 1
2 ≤ λ < 1,

0, otherwise.

ψ2,2(λ) =
{
4
√
2λ2 − 2

√
2λ, 1

2 ≤ λ < 1,

0, otherwise.
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The matrix will be for k = 2, M = 3

ψ6×6 =

⎡
⎢⎢⎢⎢⎢⎢⎣

1.4142 1.4142 1.4142 0 0 0
0.2357 0.7071 1.1785 0 0 0
0.2750 1.0607 2.1606 0 0 0

0 0 0 1.4142 1.4142 1.4142
0 0 0 0.2357 0.7071 1.1785
0 0 0 0.2750 1.0607 2.1606

⎤
⎥⎥⎥⎥⎥⎥⎦

.

The integrals that will be used to solve fractional telegraph
equations are as follows:

qm,n(λ) =
∫ λ

0
ψmn(z)dz, pm,n(λ) =

∫ λ

0
pmn(z)dz,

(2.5)

and the elements of the matrices for (2.5) are given by

(qm,n)2k−1×M =

⎛
⎜⎜⎜⎝
q1,0(λ) q1,1(λ) · · · q1,M−1(λ)

q2,0(λ) q2,1(λ) · · · q2,M−1(λ)

...
...

. . .
...

q2k−1,0 q2k−1,1 · · · q2k−1,M−1(λ)

⎞
⎟⎟⎟⎠
2k−1×M

,

and

(pm,n)2k−1×M =

⎛
⎜⎜⎜⎝

p1,0(λ) p1,1(λ) · · · p1,M−1(λ)

p2,0(λ) p2,1(λ) · · · p2,M−1(λ)

...
...

. . .
...

p2k−1,0 p2k−1,1 · · · p2k−1,M−1(λ)

⎞
⎟⎟⎟⎠
2k−1×M

.

By taking k = 2, M = 3

q1,0(λ) =
⎧⎨
⎩

√
2λ, 0 ≤ λ < 1

2 ,√
2

2
, 1

2 ≤ λ < 1.

q1,1(λ) =
⎧⎨
⎩

√
2λ2, 0 ≤ λ < 1

2 ,√
2

4
, 1

2 ≤ λ < 1.

q1,2(λ) =

⎧⎪⎪⎨
⎪⎪⎩
2
√
2

(
2

3
λ3 + λ2

2

)
, 0 ≤ λ < 1

2 ,

2
√
2

(
5

24

)
, 1

2 ≤ λ < 1.

q2,0(λ) =
⎧⎨
⎩

√
2

(
λ − 1

2

)
, 1

2 ≤ λ < 1,

0, otherwise.

q2,1(λ) =
⎧⎨
⎩

√
2

(
λ2 − λ + 1

4

)
, 1

2 ≤ λ < 1,

0, otherwise.

q2,2(λ) =

⎧⎪⎨
⎪⎩
2
√
2

(
2

3
λ2 − λ2

2
− 5

24

)
, 1

2 ≤ λ < 1.,

0, otherwise.

and

p1,0(λ) =

⎧⎪⎪⎨
⎪⎪⎩

1√
2
λ2, 0 ≤ λ < 1

2 ,

√
2

(
λ

2
− 1

8

)
, 1

2 ≤ λ < 1.

p1,1(λ) =

⎧⎪⎪⎨
⎪⎪⎩

√
2

3
λ3, 0 ≤ λ < 1

2 ,

√
2

(
λ

4
− 1

12

)
, 1

2 ≤ λ < 1.

p1,2(λ) =

⎧⎪⎪⎨
⎪⎪⎩
2
√
2

(
1

6
λ4 + λ3

6

)
, 0 ≤ λ < 1

2 ,

2
√
2

(
5

24
λ − 7

96

)
, 1

2 ≤ λ < 1.

p2,0(λ) =

⎧⎪⎨
⎪⎩

√
2

(
λ2

2
− λ

2
+ 1

8

)
, 1

2 ≤ λ < 1,

0, otherwise.

p2,1(λ) =

⎧⎪⎨
⎪⎩

√
2

(
λ3

3
− λ2

2
+ λ

4
− 1

24

)
, 1

2 ≤ λ < 1,

0, otherwise.

p2,2(λ) =

⎧⎪⎨
⎪⎩
2
√
2

(
1

6
λ4 − λ3

6
− 5

24
λ − 9

96

)
, 1

2 ≤ λ < 1,

0, otherwise.

A function θ(λ) ∈ L2[0, 1] could be represented in the
form of Bell wavelets as:

θ(λ) =
∞∑

m=0

∑
n∈Z+

cmnψmn(λ).

By truncating above equation, we get

θ(λ) �
2k−1∑
m=1

M−1∑
n=0

cmnψmn(λ), (2.6)
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where

cm,n =
∫ 1

0
θ(λ)ψm,n(λ)dλ,

are the coefficients of Bell wavelet. The equation (2.6) can
be expressed as a matrix:

θ(λ) = CT�(λ), (2.7)

here we define the row vector C as:

C = [
c1,0, . . . , c1,M−2, c1,M−1, c2,0, · · · , c2,M−2,

c2,M−1, . . . , c2k−1,0, c2k−1,1, . . . , c2k−1,M−1
]T

. (2.8)

The matrix �(λ) in (2.7) is 1 × 2k−1M-order Bell wavelet
matrix is as

�(λ) = [
ψ1,0, · · · , ψ1,M−2, ψ1,M−1, ψ2,0, . . . , ψ2,M−2,

ψ2,M−1, . . . , ψ2k−1,0, ψ2k−1,1, . . . , ψ2k−1,M−1
]T

.

(2.9)

Finally, taking the collocation points:

λ� = 2� − 1

2kM
, � = 1, 2, . . . , 2k−1M . (2.10)

From (2.4), the Bell wavelets in two dimensions can be
defined as:

ψm1,n1,m2,n2(λ, δ) =

⎧⎪⎨
⎪⎩
2(k1−1)/22(k2−1)/2Bn1

(
2k1−1λ − m1 + 1

)Bn2

(
2k2−1t − m2 + 1

)
,

m1−1
2k1−1 ≤ λ < m1

2k1−1 ,
m2−1
2k2−1 ≤ δ < m2

2k2−1

0, otherwise,

(2.11)

where m1, n1,m2, n2, k1 and k2 have the usual meanings and
ψm1,n1,m2,n2(λ, δ) constitute a basis for L2([0, 1) × [0, 1)).

So, equation (2.11) can be expressed by any arbitrary func-
tion θ(λ, δ) ∈ L2([0, 1) × [0, 1)) as

θ(λ, δ) =
2k1−1∑
m1=1

M1−1∑
n1=0

2k2−1∑
m2=1

M2−1∑
n2=0

cm1,n1,m2,n2ψm1,n1(λ)ψm2,n2 (δ),

= ψT (λ)Cψ(δ); (2.12)

here, C is the matrix of order 2k1−1M1×2k2−1M2 composed
of Bell wavelet coefficients

cm1,n1,m2,n2 =
∫ 1

0

∫ 1

0
θ(λ, δ)ψm1,n1(λ)ψm2,n2(δ)dλdδ,

1 ≤ m1 ≤ 2k1−1, 0 ≤ n1 ≤ M1 − 1,

1 ≤ m2 ≤ 2k2−1, 0 ≤ n2 ≤ M2 − 1. (2.13)

Finally, taking collocation point:

λ�1 = 2�1 − 1

2k1M1
, �1 = 1, 2, . . . , 2k1−1M1.

δ�2 = 2�2 − 1

2k2M2
, �2 = 1, 2, . . . , 2k2−1M2.

(2.14)

3 Fractional OMI of bell wavelet

On [0, 1) interval, the BPFs are given by

bν(λ) =
{
1 νq ≤ λ < (ν + 1)q,

0 otherwise.
(3.1)

where q = 1
N and for N ∈ Z

+, ν = 0, 1, . . . , N − 1.
The function θ(λ) ∈ L2[0, 1) is estimated via BPFs.

θ(λ) � θN (λ) =
N−1∑
ν=1

bνgν(λ) = BTGN , (3.2)

where GN = [G0,G1,G2, ...,GN ]T and B = [b0, b1, b2,
..., bN − 1]. Integrating the vector GN (λ), we get

∫ λ

0
GN (y)dy � 
GN (λ), (3.3)

so the OMI for BPFs is defined as follow:


 = q

2

⎛
⎜⎜⎜⎝
1 2 2 . . . 2
0 1 2 . . . 2
...

...
... · · · ...

0 0 0 · · · 1

⎞
⎟⎟⎟⎠ . (3.4)

Then, by usingBPFswe describe theOMI of fractional-order
Hα as

(
I αGN

)
(λ) � HαGN (λ), (3.5)
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where

Hα = 1

Nα	(α + 2)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 λ1 λ2 λ3 . . . λN−1

0 1 λ1 λ2 . . . λN−2

0 0 1 λ1 . . . λN−3
...

...
...

... . . .
...

0 0 . . . 0 1 λ1
0 0 0 . . . 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (3.6)

where the λν ’s in (3.6) have been defined as:

λν = (ν + 1)α+1 − 2να+1 + (ν − 1)α+1. (3.7)

3.1 OMI of bell wavelet

Here, using BPFs, fractional-order integration matrices for
Bell wavelets are created by integrating equation (2.9) as
follows:

∫ λ

0
�(y)dy ≈ O�(λ), (3.8)

where O represents the OMI for 2k−1M × 2k−1M order of
Bell wavelet. It is worth mentioning that BPFs (3.1) are used
to represent the Bell wavelets (2.9) as

ψ(λ) = ψm,nGN (λ). (3.9)

To get the OMI for order α of Bell wavelet, we define

I αψ(λ) = Oα
m,nψ(λ), (3.10)

where the Oα
m,n matrix defines the Bell wavelet’s OMI of

fractional order; by taking the relationships (3.5), (3.9), and
(3.10), we get

(
I αψ

)
(λ) ≈ (

I αψm,nGN
)
(λ) = ψm,n

(
I αGN

)
(λ)

≈ ψm,nH
αGN (λ). (3.11)

From (3.10) and (3.11), we obtain:

Oα
m,nψ(λ) = Oα

m,nψm,nGN (λ) = ψm,nH
αGN (λ), (3.12)

which yields in the necessary OMI of general order for the
Bell wavelets:

Oα
m,n = ψm,nH

α
[
ψm,n

]−1
. (3.13)

For instance, at α = 0.6, k = 2, M = 3, the corresponding
fractional OMI O0.6

6×6 corresponding with the Bell wavelets
is given by:

O0.6
6×6 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0.0892 1.2664 −0.3166 0.6498 −0.7848 0.2653
0.0059 −0.1658 0.3166 0.3712 −0.5411 0.1895
0.0222 −0.7797 0.7927 0.6306 −0.9550 0.3368

0 0 0 0.0892 1.2664 −0.3166
0 0 0 0.0059 −0.1658 0.3166
0 0 0 0.0222 −0.7797 0.7927

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(3.14)

4 Description of method

Here, the time-fractional telegraph equation is solved using
Bell wavelet method having both ICs and DBCs. Consider
the following equation

∂αθ(λ, δ)

∂δα
+ ∂α−1θ(λ, δ)

∂δα−1 + θ(λ, δ)

= ∂2θ(λ, δ)

∂λ2
+ f (λ, δ), 0 ≤ λ ≤ 1, (4.1)

with ICs

θ(λ, 0) = μ1(λ),
∂θ(λ, 0)

∂δ
= μ2(λ), 0 ≤ λ ≤ 1, (4.2)

and DBCs

θ(0, δ) = ν0(δ), θ(1, δ) = ν1(δ), 0 < δ ≤ 1. (4.3)

Firstly, by approximating the highest partial derivative by
Bell wavelet such that

∂4θ(λ, δ)

∂λ2∂δ2
≈ �T (λ)C�(δ), (4.4)

here C is the undefined Bell wavelet coefficient vector pro-
vided in (2.8). After integrating (4.4) two times w.r.t δ, we
have

∂2θ(λ, δ)

∂λ2
≈ �T (λ)C

(
O2�(δ)

)
+ δμ′′

2(λ) + μ′′
1(λ).

(4.5)

Now, by integrating (4.5) twice w.r.t λ we obtain

θ(λ, δ) ≈
(
O2�(λ)

)T
C
(
O2�(δ)

)
+ δ

(
μ2(λ) − μ2(0) − λμ′

2(0)
)

+ (
μ1(λ) − μ1(0) − λμ′

1(0)
)

+ λ
∂θ(λ, δ)

∂λ

∣∣∣∣
λ=0

+ θ(0, δ). (4.6)
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By taking λ = 1 in (4.6) and applying conditions (4.3), we
get

θ(1, δ) ≈
(
O2�(1)

)T
C
(
O2�(δ)

)
+ δ

(
μ2(1) − μ2(0) − μ′

2(0)
)

+ (
μ1(1) − μ1(0) − μ′

1(0)
)

+ ∂θ(λ, δ)

∂λ

∣∣∣∣
λ=0

+ θ(0, δ).

(4.7)

Further,

∂θ(λ, δ)

∂λ

∣∣∣∣
λ=0

≈ −
(
O2�(1)

)T
C
(
O2�(δ)

)
− δ

(
μ2(1) − μ2(0) − μ′

2(0)
)

− (
μ1(1) − μ1(0) − μ′

1(0)
)

− ν0(δ) + ν1(δ) = F(δ).

(4.8)

Substituting (4.8) in (4.6), we get

θ(λ, δ) ≈
(
O2�(λ)

)T
C
(
O2�(δ)

)
+ δ

(
μ2(λ) − μ2(0) − λμ′

2(0)
)

+ (
μ1(λ) − μ1(0) − λμ′

1(0)
)

+ λF(δ) + ν0(δ).

(4.9)

Employing fractional derivative on (4.9) both sides, we
obtain

∂αθ(λ, δ)

∂δα
≈
(
O2�(λ)

)T
C
(
O2−α�(δ)

)
+ λDαF(δ) + Dαν0(δ), (4.10)

∂α−1θ(λ, δ)

∂δα−1 ≈
(
O2�(λ)

)T
C
(
O3−α�(δ)

)
+ (

μ2(λ)−μ2(0)−λμ′
2(0)

) 	(2)

	(3−α)
δ2−α

+ λDα−1F(δ) + Dα−1ν0(δ), (4.11)

where

DαF(δ) = −
(
O2�(1)

)T
C
(
O2−α�(δ)

)
− Dαν0(δ) + Dαν1(δ) (4.12)

Dα−1F(δ) = −
(
O2�(1)

)T
C
(
O3−α�(δ)

)
− (

μ2(1) − μ2(0) − μ′
2(0)

) 	(2)

	(3 − α)
δ2−α

− Dα−1ν0(δ) + Dα−1ν1(δ). (4.13)

Substituting (4.5), (4.9), (4.10), and (4.11) in (4.1) at the
collocation points (2.14), we get the following algebraic

equations

(
O2�(λ)

)T
C
(
O2−α�(δ)

)
+ λDαF(δ) + Dαν0(δ)

+
(
O2�(λ)

)T
C
(
O3−α�(δ)

)
+ λDα−1F(δ)

+ (
μ2(λ) − μ2(0) − λμ′

2(0)
) 	(2)

	(3 − α)
δ2−α + Dα−1ν0(δ)

+
(
O2�(λ)

)T
C
(
O2�(δ)

)
+ λF(δ) + ν0(δ)

+ δ
(
μ2(λ) − μ2(0) − λμ′

2(0)
)

+ (
μ1(λ) − μ1(0) − λμ′

1(0)
) − �T (λ)C

(
O2�(δ)

)
− δμ′′

2(λ) − μ′′
1(λ)

= f (λ, δ).

(4.14)

By solving (4.14) we get undefined Bell wavelet coefficient
vectorC , and then by substitutingC in (4.9) the approximate
solution of (4.1) is obtained.

5 Convergence analysis

The fundamental findings regarding the approximation of
Bell polynomials serve as the foundation for exploring the
convergence of Bell wavelets approximations as:

For any function θ(λ) ∈ L2[0, 1], and let B(λ) =
[B0(λ),B1(λ) · · · ,Bn(λ)] can be expressed as

θ(λ) ≈ θn(λ) =
n∑

i=0

ciB(λ). (5.1)

The proof of Bell polynomials convergence is outlined in
Lemma 5.1.

Lemma 5.1 [27] Consider θ(λ) ∈ L2[0, 1], where θn(λ)

defined in (5.1) is the best approximation of the real function
θ(λ) by the Bell polynomials. Therefore, there ∃ a constant
R such that

‖θ(λ) − θn(λ)‖2 ≤ R

(n + 1)!22n+1 .

Here R = maxλ∈[0,1]
∣∣θn+1(λ)

∣∣.
Proof One can see the proof in [27]. �


Remark 5.1 FromLemma5.1, ifn → ∞, then 1
(n+1)!22n+1 →

0, which means θn(λ) → θ(λ).

Theorem 5.1 [26] Suppose the Bell wavelets expansion∑2k−1

m=1
∑M−1

n=0 cmnψmn(λ) = ∑m̂
j=0 c jψ j (λ) = CT�(λ) of
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the smooth function θ(λ), therefore

lim
m̂→∞

∥∥∥∥∥∥θ(λ) −
m̂∑
i=0

ciψi (λ)

∥∥∥∥∥∥ = 0,

where m̂ = 2k−1M.

Algorithm to solve time-fractional telegraph equation by Bell wavelet
method

Algorithm 1

Input: 0 ≤ λ ≤ 1, k ∈ N and n = 0, 1, · · · M − 1.
1: Define ψm,n(λ) (Bell wavelet) using (2.4).
2: Calculate the vector �(λ) from (2.9).
3: Calculate the Bell wavelet basic matrix ψ(λ) using collocation point
(2.10).
4: Compute the OMI of order 2k−1M ×2k−1M (3.14) using BPF (3.1).
5: Define unknown coefficient vector of Bell wavelet C in (2.8).
6:Calculate the (4.1) problemby approximating the highest time deriva-
tive in (4.4).
7: Solve the algebraic equation (4.14) using the iterative method in
MATLAB.
8: Substitute the obtained undefined coefficient of Bell wavelet in (4.9).
Output: On [0, 1), the approximate solution θ(λ, δ) is obtained.

6 Numerical discussions

In this section, we will utilize the Bell wavelets and their
fractional OMI to solve equation (1.1). To show the effective-
ness of the algorithm, four test problems are considered with
exact solutions. The results are then compared and shown
geometrically. All the computational work is performed in
MATLAB (R2023a).

Error estimation: We utilize the definition of absolute
error, which is defined as,

E j (z) = |θ(λ, δ) − θ̃ (λ, δ)|,

to compare the approximate and exact solutions of the given
equation at a few chosen points, where the approximate solu-
tion is given by θ̃ (λ, δ) and θ(λ, δ) is the exact solution.

Problem 6.1 Let the time-fractional telegraph equation be:

∂αθ(λ, δ)

∂δα
+ ∂α−1θ(λ, δ)

∂δα−1 + θ(λ, δ) = ∂2θ(λ, δ)

∂λ2
+ f (λ, δ),

0 ≤ λ ≤ 1, (6.1)

with ICs

θ(λ, 0) = λ2,
∂θ(λ, 0)

∂δ
= 1 + λ2, 0 ≤ λ ≤ 1, (6.2)

and DBCs

θ(0, δ) = δ, θ(1, δ) = 1 + δ, 0 < δ ≤ 1, (6.3)

where

f (λ, δ) =
(

	(2)

	(3 − α)

)
+ λ2 + δ − 2. (6.4)

The exact solution of (6.1) is f (λ, δ) = λ2 + δ. At α =
2, Fig. 1 illustrates a side-by-side comparison between the
exact solution and the Bell wavelet approximate solution,
computed at resolution level k = 3, M = 4. This figure visu-
ally represents the approximation’s accuracy and includes an
error analysis that measures the deviation between the exact
and approximate solutions. The error analysis highlights the
effectiveness of the Bell wavelet method in closely approxi-
mating the exact solution under the specified parameters. To
present the precision of the proposed methodology, the out-
comes of L2 and L∞ are compared with the Sinc-Legendre
method [29], Legendre method [28], and Fibonacci wavelet
method [30] in Table 1. Table 1 clearly depicts that the results
from the Bell wavelet are more efficient than the existing
methods.

Problem 6.2 Consider the following equation

∂αθ(λ, δ)

∂δα
+ ∂α−1θ(λ, δ)

∂δα−1 + θ(λ, δ) = ∂2θ(λ, δ)

∂λ2
+ f (λ, δ),

0 ≤ λ ≤ 1, (6.5)

with ICs

θ(λ, 0) = 0,
∂θ(λ, 0)

∂δ
= 0, 0 ≤ λ ≤ 1, (6.6)

and DBCs

θ(0, δ) = δ2α, θ(1, δ) = cos(7)δ2α, 0 < δ ≤ 1, (6.7)

where

f (λ, δ) =
(

	(2α + 1)

	(α + 1)
δα + 	(2α + 1)

	(α + 2)
δα+1 + 50δ2α

)
× cos(7λ). (6.8)

The exact solution of (6.5) is f (λ, δ) = cos(7λ)δ2α . At
k = 3, M = 4 resolution level, the approximate and exact
solutions 3D graph are shown in Fig. 2 along with the error
analysis. The Bell wavelet method approximate results at α

= 1.1 and 1.7 are presented in Fig. 3. These figures demon-
strate how the method performs for different values of the
fractional order, showcasing the flexibility and effectiveness
of the Bell wavelet approach across a range of conditions.
The comparison in 3D helps visualize the impact of vary-
ing fractional orders on the solution, providing insight into
the method’s robustness and accuracy in different scenarios.
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Fig. 1 a, b Exact and approximate solutions respectively and c Absolute error at α = 2 of Problem 6.1. (CPU time: 1.595 sec)

Table 1 L2, L∞ error comparisons at α = 2 of Problem 6.1

λ Sinc-Legendre [29] Legendre wavelet [28] Fibonacci wavelet [30] Present Method

L2 L∞ L2 L∞ L2 L∞ L2 L∞

0.1 8.64 × 10−4 4.90 × 10−3 7.5375 × 10−17 2.2204 × 10−16 3.2963 × 10−18 4.2450 × 10−17 6.5052 × 10−19 5.8608× 10−18

0.3 8.06 × 10−4 1.47 × 10−3 5.5511 × 10−17 1.1102 × 10−16 1.1226 × 10−18 6.1649 × 10−17 1.7347 × 10−18 3.5776× 10−18

0.5 1.38 × 10−3 2.28× 10−3 7.8504 × 10−17 1.1102 × 10−16 0 0 3.4694 × 10−18 5.9038× 10−18

0.7 7.50× 10−4 1.17 × 10−3 1.2412 × 10−16 2.2204 × 10−16 0 0 6.9389 × 10−18 3.9851× 10−18

0.9 8.60 × 10−5 6.45 × 10−3 2.0014 × 10−16 4.4408 × 10−16 3.5528 × 10−18 3.7716 × 10−17 0 0

1 0 0 2.0269× 10−16 2.2204 × 10−16 0 0 0 0

Table 2 analyzes the comparison of numerical solutions with
the Legendre wavelet [28] and Taylor wavelet [31] with the
present method for α = 1.95 and 1.25. The results obtained
from the Bell wavelet are better than the existing methods.

Problem 6.3 Consider the following equation

∂αθ(λ, δ)

∂δα
+ ∂α−1θ(λ, δ)

∂δα−1 + θ(λ, δ) = ∂2θ(λ, δ)

∂λ2
+ f (λ, δ),

0 ≤ λ ≤ 1, (6.9)

with ICs

θ(λ, 0) = 0,
∂θ(λ, 0)

∂δ
= λ(λ − 1), 0 ≤ λ ≤ 1, (6.10)

and DBCs

θ(0, δ) = 0, θ(1, δ) = 0, 0 < δ ≤ 1, (6.11)

where

f (λ, δ) =
(

	(2)

	(3 − α)
δ2−α

)
λ(λ − 1) − 2δ. (6.12)
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Fig. 2 a, b Exact and approximate solutions, respectively, and c absolute error at α = 1.95 of Problem 6.2. (CPU time: 1.889 sec)

Fig. 3 Approximate solutions at k = 3, M = 4 for different α of Problem 6.2

The exact solution of (6.9) is f (λ, δ) = λ(λ − 1)δ. Figure4
shows the graphical representation of the approximate and
exact solutions along with the error analysis at resolution
level M = 4, k = 3 for α = 1.9. The graph clearly shows
how the Bell wavelet method approximates the solution, and
the accompanying error analysis highlights the accuracy of
the method by comparing the approximate solution to the

exact one. The proposed Bell wavelet method is compared
with the Sinc-Legendre method [29], Legendre method [28],
Fibonacci wavelet method [30], and Taylor wavelet method
[31] at δ=1 in Table 3. The approximate results of the Bell
wavelet method at α = 1.1, 1.3, 1.5, and 1.7 are presented
in Fig. 5. These plots illustrate how the method performs
across a range of fractional orders, providing insights into
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Table 2 Absolute error comparisons at α= 1.95, 1.25 of Problem 6.2

(λ, δ) α= 1.95 α=1.25

Legendre wavelet [28] Taylor wavelet [31] Present method Legendre wavelet [28] Taylor wavelet [31] Present method

(0.1,0.1) 3.8347 × 10−7 7.9591 × 10−12 1.5538× 10−13 6.5614 × 10−6 7.4702 × 10−11 1.0519× 10−11

(0.2,0.2) 2.3887 × 10−6 2.2330 × 10−11 7.3086× 10−14 4.1994× 10−6 3.0065 × 10−10 4.9477× 10−12

(0.3,0.3) 4.4284× 10−6 6.9827 × 10−11 6.2931× 10−15 1.1611× 10−6 6.8052 × 10−10 4.1759× 10−12

(0.4,0.4) 4.7642 × 10−6 1.0527 × 10−10 6.1685× 10−14 6.9869 × 10−6 1.2169 × 10−9 7.9913× 10−12

(0.5,0.5) 1.9802× 10−6 1.9360 × 10−10 1.5217× 10−13 9.0325 × 10−5 1.9126 × 10−9 1.0301× 10−11

(0.6,0.6) 2.0201 × 10−7 2.6868 × 10−10 1.339× 10−13 8.3791 × 10−5 2.7705 × 10−9 1.0671× 10−11

(0.7,0.7) 1.8224 × 10−7 5.0108 × 10−10 1.880× 10−14 6.2152 × 10−5 3.7937× 10−9 3.3780× 10−12

(0.8,0.8) 2.8284× 10−6 6.5805 × 10−10 1.0924× 10−13 4.4516 × 10−5 4.9856 × 10−9 1.0019× 10−11

(0.9,0.9) 1.5856× 10−5 9.0351 × 10−10 1.3984× 10−13 5.5285 × 10−5 6.3493 × 10−9 1.0756× 10−11

Fig. 4 (a), (b) Exact and approximate solutions, respectively, and (c) absolute error at α = 1.9 of Problem 6.3. (CPU time:1.740 sec)

the method’s behavior and accuracy for varying values of
α. Table 4 shows the comparison of absolute error of the
proposed method with the Legendre wavelet [28] and the
Fibonacci wavelet [30] for α = 1.3 and 1.5. The obtained
outcomes show that the proposed Bell wavelet method pro-
vides more accurate and precise solutions than the [28–31].

Problem 6.4 Consider the following equation

∂αθ(λ, δ)

∂δα
+ ∂α−1θ(λ, δ)

∂δα−1 + θ(λ, δ)

= π
∂2θ(λ, δ)

∂λ2
+ f (λ, δ), 0 ≤ λ ≤ 1, (6.13)
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Table 3 Absolute error comparisons of Problem 6.3

λ Sinc-Legendre [29] Legendre wavelet [28] Fibonacci wavelet [30] Taylor wavelet [31] Present method

n = 3,m = 7 k = 2, M = 4 k = 2, M = 3 k = 2, M = 4 k = 1, M = 3 k = 2, M = 4 k = 3, M = 4

0.1 1.6932 × 10−4 1.3877 × 10−17 8.3267 × 10−17 1.0714× 10−18 1.7347 × 10−18 8.6736 × 10−19 6.7763× 10−21

0.2 1.0916 × 10−3 2.7755× 10−17 2.2204× 10−16 2.2204 × 10−18 0 1.7347 × 10−18 5.7175× 10−21

0.3 1.0749 × 10−3 5.5511 × 10−17 4.2896 × 10−15 2.1957 × 10−18 6.9388 × 10−18 0 1.5416× 10−19

0.4 1.0102 × 10−3 2.7755× 10−17 2.7756 × 10−17 1.5266 × 10−17 0 1.7347 × 10−18 2.1176× 10−20

0.5 9.9270× 10−4 2.7755 × 10−17 2.7756 × 10−17 2.4182 × 10−17 6.9388 × 10−18 0 2.6258× 10−20

0.6 1.0102 ×10−3 8.3266 ×10−17 2.7756×10−17 1.9429 ×10−18 1.3877 × 10−17 1.7347 × 10−18 6.3527×10−21

0.7 1.0749 × 10−3 8.3266 × 10−17 1.3878 × 10−16 1.8041 × 10−18 1.7347 × 10−17 5.2041 × 10−18 6.6092× 10−18

0.8 1.0916× 10−3 5.5511 × 10−17 1.3878× 10−16 2.5258× 10−17 3.4694 × 10−18 0 2.4352× 10−21

0.9 7.6032 × 10−4 5.5511× 10−17 9.7145 × 10−17 4.1737× 10−17 1.2143 × 10−17 6.0715 × 10−18 2.6470× 10−22

Fig. 5 Approximate solutions at k = 3, M = 4 for different α of Problem 6.3

with ICs

θ(λ, 0) = 0,
∂θ(λ, 0)

∂δ
= 0, 0 ≤ λ ≤ 1, (6.14)

and DBCs

θ(0, δ) = 0, θ(1, δ) = δ3 sin(1), 0 < δ ≤ 1, (6.15)

where

f (λ, δ) =
(

3	(3)

	(4 − α)
δ3−α + 3	(3)

	(5 − α)
δ4−α + δ3

)
× sin2(λ) − 2πδ3 cos(2λ). (6.16)

The exact solution of (6.13) is f (λ, δ) = sin2(λ)δ3. The
exact solution and Bell wavelet approximate solutions 3D
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Table 4 Absolute error comparisons at α= 1.3, 1.5 of Problem 6.3

(λ, δ) α= 1.3 α=1.5

Legendre wavelet [28] Fibonacci wavelet [30] Present method Legendre wavelet [28] Fibonacci wavelet [30] Present method

(0.1,0.1) 1.73472 × 10−18 6.6353× 10−18 5.8234× 10−22 1.73472 × 10−18 1.9741 × 10−18 2.6893× 10−20

(0.2,0.2) 6.93889× 10−18 4.5797 × 10−18 9.7197× 10−20 0 4.3715 × 10−18 7.6233× 10−21

(0.3,0.3) 0 4.6491 × 10−18 8.4703× 10−22 6.9389 × 10−18 8.6736 × 10−18 5.9716× 10−20

(0.4,0.4) 1.38778× 10−17 0 1.3976× 10−20 1.38778× 10−17 6.6475× 10−18 2.4564× 10−20

(0.5,0.5) 0 7.6328 × 10−18 1.2705× 10−21 0 6.7446× 10−18 1.6677× 10−17

(0.6,0.6) 2.77556 × 10−17 7.9103× 10−18 2.1176× 10−21 2.77556 × 10−17 6.2172× 10−18 7.4115× 10−20

(0.7,0.7) 5.55112 × 10−17 2.6645 × 10−18 8.4703× 10−22 2.77556× 10−17 1.4433× 10−18 2.5411× 10−20

(0.8,0.8) 1.11022 × 10−16 1.1142× 10−18 3.1764× 10−22 8.32667× 10−17 3.3307 × 10−18 7.0939× 10−20

(0.9,0.9) 5.55112× 10−17 1.2490 × 10−18 1.0588× 10−22 4.16334 × 10−17 2.3453× 10−18 1.8158× 10−20

Fig. 6 (a), (b) Exact and approximate solutions respectively for resolution k = 2, M = 4 at α = 1.95 of Problem 6.4. (CPU time: 1.656 sec)

Table 5 Absolute error comparisons at different α and M of Problem 6.4

λ Legendre wavelet [28] Fibonacci wavelet [30] Present Method

M = 3 M = 4 M = 5 M = 3 M = 4 M = 5 M = 3 M = 5

1.15 4.6439 × 10−5 7.5593× 10−6 2.0881 × 10−7 4.1184 × 10−5 6.3146 × 10−6 1.6982 × 10−8 5.8790× 10−6 2.1095× 10−9

1.35 4.5474 × 10−5 7.3935× 10−6 2.0391× 10−7 3.0138× 10−5 6.4611× 10−6 1.3261 × 10−8 4.3886× 10−6 1.9776× 10−9

1.55 4.4293× 10−5 7.1980× 10−6 1.9830 × 10−7 3.0138× 10−5 5.8519× 10−6 2.8519× 10−8 4.3427× 10−5 1.8365× 10−9

1.75 4.2909× 10−5 6.9749× 10−6 1.9191 × 10−7 4.2956× 10−5 6.8947× 10−6 1.4617× 10−8 4.1297× 10−5 1.8019× 10−9

1.95 4.1016 × 10−5 6.6688× 10−6 1.8310 × 10−7 4.1642× 10−5 6.2791× 10−6 1.9431× 10−8 4.0961× 10−5 1.7847× 10−9

graphs are shown in Fig. 6 at α= 1.95 for resolution level
k = 2, M = 4. The 3D graphs illustrate how the Bell wavelet
method approximates the solution to the fractional telegraph
equation by visualizing the surface of both the exact solu-
tion and the wavelet-based approximation at the given values
of α, k, M . Table 5 presents the absolute error comparison
for different resolutions M = 3, 4, and 5 at α = 1.15, 1.35,
1.55, 1.75, and 1.95. The Bell wavelet method’s approxi-
mate results are then compared with the Legendre [28] and
the Fibonacci wavelet method [30]. Table 5 clearly shows
that the proposed method gives high accuracy and precise
results.

7 Conclusion

In this study, we formulated an efficient hybrid method uti-
lizing the Bell wavelet and BPFs to solve the time-fractional
telegraph equations. Bell wavelets and their corresponding
OMIs are constructed the first time by usingBPFs. To demon-
strate the effectiveness of the Bell wavelet technique, four
distinct test problems have been examined. Figures1a, 1b, 2a,
2b, 4a, 4b, 6a, and 6b present the 3D graphs of the exact and
approximate solutions. The approximate solutions at vari-
ous α are depicted in Figs. 3a, 3a, 5a, 5b, 5c, and 5d. To
demonstrate the proposed method’s accuracy, the compar-
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ison of absolute errors is shown in Tables 1, 2, 3, and 4 at
different α. The results are compared with the Sinc-Legendre
method [29], Fibonacci wavelet [30], Legendre wavelet [28],
and Taylor wavelet [31] methods. The results in Table 5
show that increasing the resolution leads to a more accurate
solution. Therefore, it is clearly depicted that the proposed
methodology is straightforward, highly robust, and effec-
tive in dealing with fractional partial differential equations.
In future, this proposed method can be extended to solve
higher-dimensional problems, broadening its applicability. It
holds potential for use in diverse engineering and biological
models, making it particularly suited for tackling dispersion
equations, heat and diffusion equations, and equations gov-
erning linear electric circuits.
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