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Abstract
This paper considers some optimal classes of difference and ratio type estimators for the
estimation of population mean using higher order moments viz variance of auxiliary variable
with the aim of improvement over its entrants existing till date. The bias and mean square
error of the considered estimators are derived using Taylor series method up to the first
order of approximation. The theoretical results have been determined and appraised with a
computational study using real and artificially generated data sets. The computational results
are turned out to be rather advance providing better improvement over the contemporary
estimators.

Keywords Class of estimators · Efficiency · Higher order moments

Mathematic Subject Classification 62D05

1 Introduction

In the theory of sample surveys, it is well known fact that the primary knowledge of auxiliary
information namely standard deviation Sx , mean, coefficient of skewnessβ1(x), coefficient of
kurtosis β2(x) meliorate the performance of the estimators. Literature contains a wide range
of ratio, regression and exponential type estimators consist of different auxiliary informa-
tion. [1] utilized the auxiliary information and suggested regression estimator. [2] considered
the ratio estimator using mean of auxiliary variable. [3] envisaged ratio estimator with the
help of auxiliary information. [4] suggested ratio estimator using supplementary information.
[5] utilized auxiliary information and investigated ratio estimator. [6] introduced difference
type estimator using simple random sampling (SRS). [7] suggested exponential estimator
using auxiliary information. [8] suggested a family of estimator using auxiliary information.
[9] suggested improved estimator under SRS whereas [10] suggested exponential ratio type
estimator under SRS. [11] utilized auxiliary information and suggested an efficient class of
estimators for populationmean. Some log-type classes of estimators based on auxiliary infor-
mation were suggested by [12]. [13] introduced a generalized ratio-cum-product estimator
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for estimating population mean, while, a new class of estimator for estimating finite popula-
tion mean was introduced by [14]. [15] developed an efficient family of estimator for finite
population mean under SRS, while, a new efficient class of finite population mean estimators
were designed and analyzed by [16]. [17] examined an improved predictive approach for
estimating the population mean. [18] performed a simulation study for a new logarithmic
ratio type estimator of population mean under SRS. [19] advocated mean estimation utiliz-
ing an efficient class of estimators based on SRS. [20] suggested an enhanced estimation of
population mean utilizing SRS. [21] created an enhanced direct and synthetic estimators for
domain mean along with the simulation and applications. Some direct and synthetic logarith-
mic estimators were introduced for small area estimation by [22]. [23] devised an improved
mean estimation for a finite population utilizing bivariate auxiliary data under SRS. [24]
introduced an elevated computational and simulation approach for estimating the popula-
tion mean on current occasion. Some enhanced optimization problems are recently solved
employing different optimizers by [25] and [26].

Consider a finite population� = (�1,�2, . . . , �N ) based on N distinguishable units. Let
a sample of size n be measured from the finite population � of size N using simple random
sampling without replacement scheme. Let yi and xi be the values of the study and auxiliary
variables for the unit i, i = 1, 2, . . . , N of the population. Further, let (Ȳ = N−1∑N

i=1 Yi ;
X̄ = N−1∑N

i=1 Xi ) and (ȳ = n−1∑n
i=1 yi ; x̄ = n−1∑n

i=1 xi ) be the population and sample
means of the study variable y and auxiliary variable x , respectively. The population mean
square of the study variable y is given by S2y = (N − 1)−1∑N

i=1(yi − Ȳ )2 and auxiliary

variable x is given by S2x = (N −1)−1∑N
i=1(xi − X̄)2. The sample mean square of the study

variable y is given by s2y = (n − 1)−1∑n
i=1(yi − ȳ)2 and auxiliary variable x is given by

s2x = (n−1)−1∑n
i=1(xi − x̄)2. The variation coefficients for the study and auxiliary variables

are denoted by Cy and Cx , respectively. The correlation coefficient between variables y and
x is given by ρxy .

In order to compare the performance of the proposed estimators, we consider the review
of the well-known estimators of population mean under SRS.

The usual estimator of population mean Ȳ of the study variable y is given as

Tm = ȳ

The classical ratio estimator for the estimation of population mean Ȳ of the study variable
y under SRS is given as

Tr = ȳ

(
X̄

x̄

)

The classical regression estimator under SRS is given as

Tlr = ȳ + β(X̄ − x̄)

where β = ρxy(Sy/Sx ) is the regression coefficient of y on x .
[2] introduced the power ratio estimator under SRS as

Ts1 = ȳ

(
X̄

x̄

)�

where � is a suitably chosen constant.
[5] introduced an improved ratio estimator under SRS as

Tp = k ȳ

(
X̄

x̄

)
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where k is an optimizing scalar.
On the lines of [5], an improved form of [2] estimator is mentioned here under SRS as

Ts2 = �1 ȳ

(
X̄

x̄

)�1

where �1 and �1 are suitably chosen scalars.
[6] introduced difference type estimator under SRS as

TR = α1 ȳ + α2(X̄ − x̄)

where α1 and α2 are optimizing scalars.
[8] envisaged a family of estimators under SRS as

Tk = ȳ

(
X̄∗

αx̄∗ + (1 − α)X̄∗

)g

where α is a constant and x̄∗ = ax̄ + b, X̄∗ = a X̄ + b, a and b are either real values or
function of known parameters of auxiliary variable x .

On the lines of [27], the generalized form of [8] family of estimators under SRS is defined
as

Tkk = λk ȳ

(
X̄∗

αx̄∗ + (1 − α)X̄∗

)g

[10] proposed the difference-cum-exponential type estimators under SRS as

Tsg = {k1 ȳ + k2(X̄ − x̄)} exp
{

(X̄ − x̄)

(X̄ + x̄ + 2N X̄)

}

where k1 and k2 are optimizing scalars.
[11] considered a class of estimators under SRS as

Tss1 = w1 ȳ

(
X̄∗

αx̄∗ + (1 − α)X̄∗

)g

+ w2 ȳ exp

{
h(X̄∗ − x̄∗)
(X̄∗ + x̄∗)

}

where w1 and w2 are suitably chosen scalars to be determine later.
[13] suggested ratio-cum-product type class of estimators of the population mean under

SRS as

Tss2 = ȳ

(
a X̄ + b

ax̄ + b

)g (
ax̄ + b

a X̄ + b

)(1−g)

=
(
a X̄ + b

ax̄ + b

)2g−1

[14] suggested the following class of estimator under SRS as

Tss3 = ȳ

(
a X̄ + bx̄

cx̄ + d X̄

)

where a, b, c, d are the function of known parameters of the auxiliary variable x .
On the lines of [28], we define a regression type estimator using higher order moment

such as variance of auxiliary variable x under SRS as

Tms = ȳ + β2(X̄ − x̄) + θ2(S
2
x − s2x )

where βi , i = 1, 2, θi are optimizing scalars.
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Remark 1.1 It is to be noted that the ratio estimator based on higher order moment such as
variance of auxiliary variable x furnishes equal efficiency as the regression estimator Tms

defined on the lines of [28] under the optimal conditions.

[15] introduced a class of difference-cum-exponential type estimator under SRS as

Tp1 =
[
ȳ
{
α exp

(
X̄−x̄
X̄+x̄

)
+ (1 − α) exp

(
x̄−X̄
x̄+X̄

)}
+ η1(X̄ − x̄) + η2 ȳ

]

×
{
δ exp

(
X̄−x̄
X̄+x̄

)
+ (1 − δ) exp

(
x̄−X̄
x̄+X̄

)}

where α and δ are constants such that 0 ≤ (α, δ) ≤ 1. Also, η1 and η2 are suitably chosen
scalars.

[16] envisaged the following class of estimators under SRS as

Tp2 =
⎡

⎣
K1 ȳ

(
X̄∗

α x̄∗+(1−α)X̄∗
)g

exp
{
h(X̄∗−x̄∗)
(X̄∗+x̄∗)

}

+K2
{
α1 ȳ + (α2 ȳ + α3)(X̄ − x̄)

} ( X̄∗
ηx̄∗+(1−η)X̄∗

)δ

exp
{

φ(X̄∗−x̄∗)
(X̄∗+x̄∗)

}

⎤

⎦

where α1, α2, α3, α, g, h, η, δ, φ are the scalars assuming real values for generating different
estimators and K1, K2 are the suitably chosen scalars. The mean square error (MSE) of the
above reviewed estimators is given in Appendix A.

The rest of the paper is divided into following sections. Section2 considers the suggested
optimal classes of estimators based on higher order moments under SRS along with their
properties. Section3 is devoted to the optimality conditions under which the proposed classes
of estimators dominate their contemporary estimators. The optimality conditions are evalu-
ated numerically using real and simulated populations and the results are interpreted under
Sect. 4. Finally, the paper is concluded in Sect. 5.

2 Suggested classes of estimators

In survey sampling, the primary objective of the researchers is to develop more efficient
estimators than the existing ones. With this objective of improvement over the estimators
discussed in previous section, motivated by [29, 30], and [31], we propose some optimal
classes of difference and ratio type estimators for the estimation of population mean Ȳ using
higher order moments namely variance of auxiliary variable x as

Ty1 = ζ1 ȳ + δ1(x̄ − X̄) + φ1(s
2
x − S2x )

Ty2 = ζ2 ȳ

(
X̄

x̄

)δ2 ( S2x
s2x

)φ2

Ty3 = ζ3 ȳ

(
X̄

X̄ + δ3(x̄ − X̄)

)(
S2x

S2x + φ3(s2x − S2x )

)

where ζi , δi and φi , i = 1, 2, 3 are suitably chosen optimizing scalars.

Theorem 2.1 The bias and minimum MSE of the proposed class of estimators Ty1 are given
by

Bias(Ty1) = Ȳ (ζ1 − 1) (2.1)

min.MSE(Ty1) = Ȳ 2 (1 − ζ1(opt)
)

(2.2)
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Proof Refer to appendix B for definitions of parameters and outline of derivations. ��
Theorem 2.2 The bias and minimum MSE of the proposed class of estimators Tyi , i = 2, 3
are given up to first order approximation by

Bias(Tyi ) ≈ Ȳ (ζi Qi − 1) (2.3)

min.MSE(Tyi ) ≈ Ȳ 2

(

1 − Q2
i

Pi

)

(2.4)

Proof Refer to appendix B for outline of the derivations and the definition of the parametric
functions Pi and Qi , i = 2, 3. ��
Corollary 2.1 The proposed class of ratio type estimators Tyi , i = 2, 3 dominate the proposed
class of difference type estimator Ty1 , iff

Q2
i

Pi
> ζ1(opt) (2.5)

and vice versa. Otherwise both are equally efficient in case of equality holds in (2.5).

Proof On comparing the minimum MSE of these estimators, we can obtain (2.5). ��

3 Optimality conditions

In this section, we compare theminimumMSE of the proposed class of estimators Tyi , i=1,2,3

from (2.2) and (2.4) with the minimumMSE of existing estimators from (A.1), (A.2), (A.5),
(A.7), (A.9), (A.11), (A.14), (A.15), (A.17), (A.18), (A.20), (A.22) and (A.24), we obtain
the following optimality conditions.

MSE(Ty1) < V (Tm) �⇒ ζ1(opt) > 1 − γC2
y (3.1)

MSE(Tyi ) < V (Tm), i = 2, 3 �⇒ Q2
i

Pi
> 1 − γC2

y (3.2)

MSE(Ty1) < MSE(Tr ) �⇒ ζ1(opt) > 1 − γ (C2
y + C2

x − 2ρxyCxCy) (3.3)

MSE(Tyi ) < MSE(Tr ), i = 2, 3 �⇒ Q2
i

Pi
> 1 − γ (C2

y + C2
x − 2ρxyCxCy) (3.4)

MSE(Ty1) < MSE(T ) �⇒ ζ1(opt) > 1 − γC2
y(1 − ρ2

xy) (3.5)

MSE(Tyi ) < MSE(T ), i = 2, 3 �⇒ Q2
i

Pi
> 1 − γC2

y(1 − ρ2
xy) (3.6)

MSE(Ty1) < MSE(Tp) �⇒ ζ1(opt)

> 1 − [γ
(
k∗2C2

x + C2
y − 2k∗ρxyCxCy

)
+ (k∗ − 1)2] (3.7)

MSE(Tyi ) < MSE(Tp), i = 2, 3

�⇒ Q2
i

Pi
> 1 − [γ

(
k∗2C2

x + C2
y − 2k∗ρxyCxCy

)
+ (k∗ − 1)2] (3.8)

MSE(Ty1) < MSE(Ts2) �⇒ ζ1(opt) >
B2
s

As
(3.9)
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MSE(Tyi ) < MSE(Ts2) �⇒ Q2
i

Pi
>

B2
s

As
(3.10)

MSE(Ty1) < MSE(TR) �⇒ ζ1(opt) > α1(opt) (3.11)

MSE(Tyi ) < MSE(TR), i = 2, 3 �⇒ Q2
i

Pi
> α1(opt) (3.12)

MSE(Ty1) < MSE(Tsg)

�⇒ ζ1(opt) > 1 −
{

1 − γC2
x

4(N + 1)2

}

+
{
1 − γC2

x
8(N+1)2

}2

{1 + γC2
y(1 − ρ2

xy)}
(3.13)

MSE(Tyi ) < MSE(Tsg), i = 2, 3

�⇒ Q2
i

Pi
> 1 −

{

1 − γC2
x

4(N + 1)2

}

+
{
1 − γC2

x
8(N+1)2

}2

{1 + γC2
y(1 − ρ2

xy)}
(3.14)

MSE(Ty1) < MSE(Tss1) �⇒ ζ1(opt) >
(H2H2

4 + H1H2
5 − 2H3H4H5)

(H1H2 − H2
3 )

(3.15)

MSE(Tyi ) < MSE(Tss1), i = 2, 3 �⇒ Q2
i

Pi
>

(H2H2
4 + H1H2

5 − 2H3H4H5)

(H1H2 − H2
3 )

(3.16)

MSE(Ty1) < MSE(Tss2) �⇒ ζ1(opt) > 1 − γC2
y(1 − ρ2

xy) (3.17)

MSE(Tyi ) < MSE(Tss2), i = 2, 3 �⇒ Q2
i

Pi
> 1 − γC2

y(1 − ρ2
xy) (3.18)

MSE(Ty1) < MSE(Tss3) �⇒ ζ1(opt) > 1 − γ [C2
y + (ψ1 − ψ2)

2C2
x

− 2(ψ1 − ψ2)ρxyCxCy] (3.19)

MSE(Tyi ) < MSE(Tss3), i = 2, 3

Q2
i

Pi
> 1 − γ [C2

y + (ψ1 − ψ2)
2C2

x − 2(ψ1 − ψ2)ρxyCxCy] (3.20)

MSE(Ty1) < MSE(Tp1)

ζ1(opt) > 1 −
[

γ (C2
y + θ2C2

x + 2θρxyCxCy) − (D2D2
4+D1D2

5−2D3D4D5)

D1D2−D2
3

]

(3.21)

MSE(Tyi ) < MSE(Tp1), i = 2, 3

Q2
i

Pi
> 1 −

[

γ (C2
y + θ2C2

x + 2θρxyCxCy) − (D2D2
4+D1D2

5−2D3D4D5)

D1D2−D2
3

]

(3.22)

MSE(Ty1) < MSE(Tp2) �⇒ ζ1(opt) >
(E2E2

4 + E1E2
5 − 2E3E4E5)

(E1E2 − E2
3)

(3.23)

MSE(Tyi ) < MSE(Tp2), i = 2, 3 �⇒ Q2
i

Pi
>

(E2E2
4 + E1E2

5 − 2E3E4E5)

(E1E2 − E2
3)

(3.24)

MSE(Ty1) < MSE(Tms)

�⇒ ζ1(opt) > 1 − γC2
y

[

1 − ρ2
xy − (λ12 − ρxyλ03)

2

λ04 − 1 − λ203

]

(3.25)

MSE(Tyi ) < MSE(Tms), i = 2, 3
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�⇒ Q2
i

Pi
> 1 − γC2

y

[

1 − ρ2
xy − (λ12 − ρxyλ03)

2

λ04 − 1 − λ203

]

(3.26)

The above efficiency conditions are important because under these conditions the proposed
estimators will dominate the existing ones.

4 Computational study

The computational study is further divided in two heads namely, numerical study using real
data and simulation study using artificially generated data.

4.1 Numerical study

In order to assess the merits of the proposed class of estimators over the existing estimators,
we have carried out a numerical study using three different populations, which are given
below:

(1). The data are taken from [32, p. 185], concerns the values of total cultivated area and of
area under wheat in two consecutive years. The necessary parameters of the population
are:
Yi=area under wheat in 1937,
Xi=total cultivated area in 1931.
N=34, n=9, Ȳ=201.4118, X̄=765.3529, S2y=23154.8, S

2
x=222931.4, λ03=0.7083,

λ04=2.6618, λ12=0.7452, ρxy=0.8992
(2). The data are taken from [33, p. 652] with the following descriptions:

Yi=total number of seats in municiple council in 1982,
Xi=number of conservative seats in municiple council in 1982.
N=284, n=80, r=50, Ȳ=46.0704, X̄=9.0950, S2y=158.5533, S

2
x=24.3690, λ03=1.2412,

λ04=5.3688, λ12=0.7729, ρxy=0.6878
(3). The data are taken from [34, pp. 399], concerning to the area under wheat in a region

in 1963–1964. The necessary parameters are given below:
Yi=area under wheat in 1964,
Xi=area under wheat in 1963.
N=80, n=25, Ȳ=199.4412, X̄=208.8824, S2y=22564.56, S

2
x=22652.05, λ03=0.9206,

λ04=2.8266, λ12=0.9405, ρxy=0.98

The outcomes of numerical study are displayed in Table 1 for each population.

4.2 Simulation study

To verify the optimality conditions, we have accomplished a simulation study. A bivariate
normal population of size N = 500 is generated artificially from R software with parameters
Ȳ = 15, X̄ = 20, σy = 20, σx = 25, and different values of correlation coefficient ρxy =
±0.9, ± 0.8, ± 0.7 and ± 0.6. We have drawn 10 random samples each of size 100 unit
from the above population. Using 20,000 iterations, MSE of the proposed class of estimators
are computed using the following expression.

MSE(Ti ) = 1

20, 000

20,000∑

i=1

(Ti − Ȳ )2
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Table 1 MSE and PRE of different estimators

Population 1 Population 2 Population 3

Estimators MSE PRE MSE PRE MSE PRE

Tm 1891.73 100.000 1.42363 100.000 620.525 100

Tr 375.071 504.3661 3.14894 45.2097 24.9111 2490.958

Tlr /Ts1 362.152 522.3586 0.75015 189.7781 24.5728 2525.2530

Tp 378.535 499.7506 3.15705 45.0935 24.9425 2487.8210

Ts2 374.403 505.2656 0.74930 189.9935 26.7967 2315.6740

TR 358.947 527.0219 0.74989 189.8452 24.5576 2526.8130

Tkk 358.947 527.0219 0.74989 189.8449 24.5576 2526.8130

Tsg 359.162 526.7068 0.74998 189.8223 24.6206 2520.3450

Tss1 360.572 524.6468 0.74958 189.9236 24.5679 2525.7480

Tss3 1304.35 145.0319 0.76417 186.2955 446.517 138.9701

Tp1 464.345 407.3979 0.74707 190.5608 39.6561 1564.7650

Tp2 357.408 529.2909 0.74982 189.8626 24.3830 2544.9100

Tms 343.027 551.4812 0.74686 190.6131 23.6425 2624.6130

Ty1 340.186 556.0871 0.74660 190.6802 23.6285 2626.1640

Ty2 339.004 558.0262 0.74629 190.7601 23.6120 2627.9990

Ty3 341.626 553.7434 0.74657 190.6869 23.6423 2624.6310

where Ti = Tm, Tr , Tlr , Ts1 , Tp, Ts2 , TR, Tk, Tkk, Tsg, Tssi , i = 1, 2, 3, Tms and Tyi , i =
1, 2, 3. We have reported the simulation outcomes from Tables 2, 3, 4, 5, 6, 7, 8 and 9 for
different values of correlation coefficient ρxy .

4.3 Interpretation of computational outcomes

We construed the elucidation of computational outcomes as follows:

(i). Table 1 based on the results of real populations 1 to 3 show the dominance of the
proposed classes of estimators Tyi , i = 1, 2, 3 in terms of lesser MSE and greater
PRE over the usual mean estimator Tm , classical ratio estimator Tr , classical regression
estimator Tlr , [2] estimator Ts1 , [5] estimator Tp , improved form of [2] estimator Ts2 ,
[6] estimator TR , [8] estimator Tk , generalized form of [8] estimator Tkk , [10] estimator
Tsg , [11] estimator Tss1 , [13] estimator Tss2 , [14] estimator Tss3 , higher order moments
based regression estimator Tms envisaged on the lines of [15, 28] estimator Tp1 , and
[16] estimator Tp2 .

(ii). Table 2 consists of the results of artificially generated normal population for ρxy = 0.9
exhibit the dominance of the proposed classes of estimators Tyi , i = 1, 2, 3 over their
conventional counterparts in each sample by least MSE.

(iii). The simulation outcomes of Tables 3, 4, 5, 6, 7, 8 and 9 for different values of correlation
coefficient show the similar proclivity as discussed in point (ii).

(iv). Moreover, the proposed estimator Ty2 is found to be best among the proposed classes
in both real population and artificially generated population.
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5 Conclusion

In this paper, we have suggested some optimal classes of difference and ratio type estima-
tors for the estimation of population mean using higher order moments such as variance
of auxiliary variable x with the objective of improvement over its prominent competitors
existing till date. The bias and MSE of the proposed classes of estimators are studied up to
first order approximation. It has been demonstrated under some optimality conditions that
the proposed classes of estimators Tyi , i = 1, 2, 3 perform better than usual mean estimator
Tm , classical ratio estimator Tr , classical regression estimator Tlr , [2] estimator Ts1 , [5] esti-
mator Tp , improved form of [2] estimator Ts2 , [6] estimator TR , [8] estimator Tk , generalized
form of [8] estimator Tkk , [10] estimator Tsg , [11] estimator Tss1 , [13] estimator Tss2 , [14]
estimator Tss3 , higher order moments based regression estimator Tms envisaged on the lines
of [15, 28] estimator Tp1 , and [16] estimator Tp2 . Further, the optimality conditions have
been assessed with a computational study using real and simulated data sets. The results are
found to be quite advance and furnishing better advancement over all discussed work. Thus,
taking theoretical as well as empirical results into consideration, we enthusiastically prefer
the proposed classes of estimators in usual practice.

In forthcoming studies, the proposed estimators may be examined under ranked set sam-
pling (see, [35–38]), stratified ranked set sampling (see, [39] and [40]), andmultistage ranked
set sampling (see, [41, 42], and [43]).

Appendix A

The MSE and optimum values of scalars of the existing estimators discussed in Sect. 1 are
given below.

V (Tm) = γ Ȳ 2C2
y (A.1)

MSE(Tr ) ≈ γ Ȳ 2(C2
x + C2

y − 2ρxyCxCy) (A.2)

MSE(Tlr ) ≈ γ Ȳ 2(β2C2
x + C2

y − 2βρxyCxCy) (A.3)

MSE(Ts1) ≈ γ Ȳ 2(�2C2
x + C2

y + 2�ρxyCxCy) (A.4)

min.MSE(T ) ≈ γ Ȳ 2C2
y(1 − ρ2

xy), whereT = Tlr , Ts1 (A.5)

MSE(Tp) ≈ γ Ȳ 2[γ
(
k2C2

x + C2
y − 2kρxyCxCy

)
+ (k − 1)2] (A.6)

min.MSE(Tp) ≈ γ Ȳ 2[γ
(
k∗2C2

x + C2
y − 2k∗ρxyCxCy

)
+ (k∗ − 1)2] (A.7)

MSE(Ts2) ≈ Ȳ 2

⎡

⎢
⎢
⎣

1 + �2
1

(

1 + γ
(
�1(2�1 + 1)C2

x + C2
y − 4�1ρxyCxCy

)
)

−2�1

(

1 − γ (�1ρxyCxCy − �1(�1+1)
2 C2

x )

)

⎤

⎥
⎥
⎦

(A.8)

min.MSE(Ts2) ≈ Ȳ 2
[

1 − B2
s

As

]

(A.9)

MSE(TR) ≈
[
Ȳ 2(α1 − 1)2 + γ (Ȳ 2α2

1C
2
y + α2

2 X̄2C2
x + 2α1α2 X̄ ȲρxyCxCy

)]

(A.10)
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min.MSE(TR) ≈ Ȳ 2(1 − α1(opt)) (A.11)

MSE(Tss1) ≈ Ȳ 2 [1 + w2
1H1 + w2

2H2 + 2w1w2H3 − 2w1H4 − 2w2H5
]

(A.12)

MSE(Tsg) ≈

⎡

⎢
⎢
⎢
⎣

Ȳ 2

⎡

⎣
(k1 − 1)2 + k21γ

{
C2
y + C2

x
(N+1)2

− 2ρxyCxCy
(N+1)

}

−2k1γ
{

3C2
x

8(N+1)2
− ρxyCxCy

2(N+1)

}

⎤

⎦

+k22 X̄
2γC2

x − k2 X̄ Ȳ
γC2

x
(N+1) + 2k1k2 X̄ Ȳγ

{
C2
x

(N+1) − ρxyCxCy

}

⎤

⎥
⎥
⎥
⎦

(A.13)

min.MSE(Tsg) ≈ Ȳ 2

⎡

⎢
⎣

{

1 − γC2
x

4(N + 1)2

}

−
{
1 − γC2

x
8(N+1)2

}2

{1 + γC2
y(1 − ρ2

xy)}

⎤

⎥
⎦ (A.14)

min.MSE(Tss1) ≈ Ȳ 2

[

1 − (H2H2
4 + H1H2

5 − 2H3H4H5)

(H1H2 − H2
3 )

]

(A.15)

MSE(Tss2) ≈ γ Ȳ 2
[
C2
y + (2g − 1)θ{(2g − 1)θC2

x − 2ρxyCxCy}
]

(A.16)

min.MSE(Tss2) ≈ γ Ȳ 2C2
y [1 − ρ2

xy] (A.17)

MSE(Tss3) ≈ γ Ȳ 2[C2
y + (ψ1 − ψ2)

2C2
x − 2(ψ1 − ψ2)ρxyCxCy] (A.18)

MSE(Tp1) ≈ Ȳ 2
[

γ (C2
y + θ2C2

x + 2θρxyCxCy) + η21D1 + η22D2 − 2η1η2D3

−2η1D4 + η2D5

]

(A.19)

min.MSE(Tp1) ≈ Ȳ 2
[

γ (C2
y + θ2C2

x + 2θρxyCxCy) − (D2D2
4+D1D2

5−2D3D4D5)

D1D2−D2
3

]

(A.20)

MSE(Tp2) ≈ Ȳ 2 [1 + K 2
1 E1 + K 2

2 E2 + 2K1K2E3 − 2K1E4 − 2K2E5
]

(A.21)

min.MSE(Tp2) ≈ Ȳ 2

[

1 − (E2E2
4 + E1E2

5 − 2E3E4E5)

(E1E2 − E2
3)

]

(A.22)

MSE(Tms) ≈
[

γC2
y + β2

1γC
2
x + θ21 γ (λ04 − 1) − 2β1γρxyCxCy − 2θ1γCyλ12

+2β1θ1γCxλ03

]

(A.23)

min.MSE(Tms) ≈ γ Ȳ 2C2
y

[

1 −
{

ρ2
xy + (λ12 − ρxyλ03)

2

(λ04 − 1 − λ203)

}]

(A.24)

where

As = 1 + γ (C2
y + ρxyCxCy − 2ρ2

xyC
2
y)

Bs = 1 + γρxyCxCy

2
− γρ2

xyC
2
y

ψ1 = c(c + d)−1

ψ2 = b(a + b)−1

H1 = 1 + γ

{

C2
y + (α2υ2(2g2 + g) − 4αυgρxy

Cy

Cx
)

}
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H2 = 1 + γ

{

C2
y + (δ2 + δ)

2
υ2C2

x − 2δυρxyCxCy

}

H3 = 1 + γ

{

C2
y + H1

8
υ2C2

x − (2αg + δ)υρxyCxCy

}

H4 = 1 + γ

{

C2
y + (g2 + g)

2
α2υ2C2

x − αυgρxyCxCy

}

H5 = 1 + γ

{
(δ2 + 2δ)

8
υ2C2

x − δ

2
υρxyCxCy

}

D1 = R2γC2
x

D2 = 1 + γ {C2
y + 2(1 − 2δ)ρxyCxCy + δ2C2

x }
D3 = γ R[ρxyCxCy + (1 − 2δ)C2

x ]
D4 = γ R[ρxyCxCy + θC2

x ]
D5 = γ [C2

y + {2θ + (1 − 2δ)/2}ρxyCxCy + {αδ + (1 − 2δ)θ/2}C2
x ]

E1 = 1 + γ {C2
y − 2υ(2αg + h)ρxyCxCy + (υ2/4){(2αg + h)2 + A1}C2

x }
E2 = α2

1(1 + γC2
y) + (γ /4){(A2

2 + α1A4)C
2
x − 4α1(A2 + A3)ρxyCxCy}

E3 =
[

α1(1 + γC2
y) + (γ /8){(A4 + 2υ(2αg + h)A2 + υ2A1)C2

x
−4(A2 + A3 + 2α1υ(2αg + h))ρxyCxCy}

]

E4 = 1 + (γ υ/8)(υA1C
2
x − 4(2αg + h)ρxyCxCy)

E5 = α1 + (γ /8)(A4C
2
x − 4A3ρxyCxCy)

A1 = (2αg + h)2 + 2(2α2g + h)

A2 = 2(α2 X̄ + α3R
−1) + α1υ(2δη + φ)

A3 = 2α2 X̄ + α1υ(2δη + φ)

A4 = α1υ
2{(2δη + φ)2 + 2(2η2δ + φ)} + 4υ(2δη + φ)(α2 X̄ + α3R

−1)

R = Ȳ

X̄

The optimum values of scalars are given below as

� = −ρxy
Cy

Cx

�1(opt) =

(

1 + γρxyCxCy
2 − γρ2

xyC
2
y

)

(

1 + γ (C2
y + ρxyCxCy − 2ρ2

xyC
2
y)

)

�1(opt) = ρxy

(
Cy

Cx

)

α1(opt) = 1

1 + γC2
y(1 − ρ2

xy)

α2(opt) = ρxy

(
Cy

Cx

)
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k1(opt) =
1 − γC2

x
8(N+12)

1 + γC2
y(1 − ρ2

xy)

k2(opt) = Ȳ

X̄

[
1

2(N + 1)
− k1(opt)

{
1

(N + 1)
− ρxy

Cy

Cx

}]

w1(opt) = (H2H4 − H3H5)

(H1H2 − H2
3 )

w2(opt) = (H1H5 − H3H4)

(H1H2 − H2
3 )

g(opt) = 1

2

(

1 + ρxyCy

θCx

)

η1(opt) = (D2D4 − D3D5)

(D1D2 − D2
3)

η2(opt) = (D1D5 − D3D4)

(D1D2 − D2
3)

K1(opt) = (E2E4 − E3E5)

(E1E2 − E2
3)

K2(opt) = (E1E5 − E3E4)

(E1E2 − E2
3)

β1(opt) = Cy{ρxy(λ04 − 1) − λ12λ03}
Cx (λ04 − 1 − λ203)

θ1(opt) = Cy{λ12 − ρxyλ03}
(λ04 − 1 − λ203)

β2(opt) = Sy{ρxy(λ04 − 1) − λ12λ03}
Sx (λ04 − 1 − λ203)

θ2(opt) = Sy{λ12 − ρxyλ03}
S2x (λ04 − 1 − λ203)

Appendix B

This section considers the precis of the derivations of Theorem 2.1 and Theorem 2.2.
To obtain the properties of the proposed estimators, let us assume that ȳ = Ȳ (1+e0), x̄ =

X̄(1+e1), s2x = S2x (1+e2) such that E(e0) = E(e1) = E(e2) = 0, E(e20) = γC2
y , E(e21) =

γC2
x , E(e22) = γ (λ04 − 1), E(e0e1) = γρxyCxCy, E(e0e2) = γCyλ12, E(e1e2) =

γCxλ03, where γ = (N − n)/Nn, λcd = μcd/μ
c/2
20 μ

d/2
02 , μcd = (N − 1)−1∑N

1 (yi −
Ȳ )c(xi − X̄)d , c, d ∈ {m ∈ z|0 ≤ m ≤ 4}, Cy = Sy/Ȳ , Cx = Sx/X̄ and ρxy = Sxy/Sx Sy .

Using above notations, the MSE of the proposed class of estimator Ty1 is given by

MSE(Ty1) =
{

(ζ1 − 1)2Ȳ 2 + ζ 2
1 γ S2y + δ21γ S2x + φ2

1 S
4
xγ (λ04 − 1)

−2ζ1δ1γρxy Sx Sy − 2ζ1φ1S2x Syγ λ12 + 2δ1φ1S3xγ λ03

}

(B.25)
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On minimizing the MSE(Ty1) w.r.t. scalars, we get

ζ1(opt) = Ȳ 2
[

Ȳ 2 + γ S2y

{

1 − ρ2
xy − (λ12−ρxyλ03)2

(λ04−1−λ203)

}] (B.26)

δ1(opt) = ζ1(opt)
Sy{ρxy(λ04 − 1) − λ12λ03}

Sx (λ04 − 1 − λ203)
(B.27)

φ1(opt) = ζ1(opt)
Sy{λ12 − ρxyλ03}
S2x (λ04 − 1 − λ203)

(B.28)

Putting the optimum values of scalars in the MSE(Ty1), we get minimum MSE as

min.MSE(Ty1) =
Ȳ 2γ S2y

[

1 − ρ2
xy − (λ12−ρxyλ03)

2

λ04−1−λ203

]

Ȳ 2 + γ S2y

[

1 − ρ2
xy − (λ12−ρxyλ03)2

λ04−1−λ203

] = Ȳ 2(1 − ζ1(opt)) (B.29)

The MSE of the proposed class of estimator Ty2 is given by

MSE(Ty2) ≈ Ȳ 2 (1 + ζ 2
2 P2 − 2ζ2Q2

)
(B.30)

On minimizing the MSE(Ty2) w.r.t. ζ2, we get

ζ2(opt) = Q2

P2
(B.31)

Putting the optimum value of ζ2 in the MSE(Ty2), we get minimum MSE as

min.MSE(Ty2) ≈ Ȳ 2

(

1 − Q2
2

P2

)

(B.32)

The derivation of other estimator Ty3 can be done in similar lines. In general, we can write

MSE(Tyi ) ≈ Ȳ 2 (1 + ζ 2
i Pi − 2ζi Qi

)
(B.33)

It is worth mentioning that the simultaneous optimization w.r.t. ζi , δi and φi of the expression
of MSE is not possible and we use optimum values of δi=δi(opt) and φi = φi(opt) when ζi=
1 and use this within ζi = ζi(opt) to obtain the derivations of MSE expressions of estimators
Tyi , i = 2, 3. The optimum values of the scalars involved in the estimators are given by

ζi(opt) = Qi

Pi
, i = 2, 3 (B.34)

where

P2 = 1 + γ
{
C2
y + (2δ22 + δ2)C

2
x + (2φ2

2 + φ2)(λ04 − 1) − 4δ2ρxyCxCy

−4φ2Cyλ12 + 4δ2φ2Cxλ03
}

Q2 = 1 + γ

{
δ2(δ2 + 1)

2
C2
x + φ2(φ2 + 1)

2
(λ04 − 1)

−δ2ρxyCxCy − φ2Cyλ12 + δ2φ2Cxλ03
}

P3 = 1 + γ
{
C2
y + 3δ23C

2
x + 3φ2

3(λ04 − 1) − 4δ3ρxyCxCy
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−4φ3Cyλ12 + 4δ3φ3Cxλ03
}

Q3 = 1 + γ
{
δ23C

2
x + φ2

3(λ04 − 1) − δ3ρxyCxCy

−φ3Cyλ12 + δ3φ3Cxλ03
}

where δi(opt) = Cy
Cx

(
ρxy(λ04−1)−λ12λ03

λ04−1−λ203

)

and φi(opt) = Cy

(
λ12−ρxyλ03

λ04−1−λ203

)

are used as the

optimum values of these scalars when ζi=1 is put in the corresponding estimators.

Data availability Not applicable.
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